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ABSTRACT

In this paper, we study the existence of nonoscillatory solution of first-order neutral difference equations with delay
and advance terms. Some sufficient conditions for the existence of positive solutions are obtained. Banach

contraction principle is used in the proofs of the results.
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I. INTRODUCTION

In this paper, we consider a first-order neutral difference
equation

A[x(n)+R(n)x(n-7,)+P,(n)x(n+7,)] w1
+Q,(n) x(n—0,)-Q,(n) x(n+0,)=0 '
where P, P,eC([t;,»),R), Q,,Q,eC([t,,*).,[0,:)),

7,,7,>0 and o;,0,>0.

We present some new criteria for the existence of non-
oscillatory solutions of the First Order Neutral
Difference Equation (1.1). Recently, the existence of
nonoscillatory solutions of neutral difference equations
has been investigated by many authors, see [3, 6, 7, 10,
11] and the references contained therein. There have
been several books on the subject of qualitative
properties of neutral difference equations [1, 2, 5].

Let m=max{z,0,} . A solution of the difference

equation (1.1) is called eventually positive if there exists
a positive integer N, such that x(n)>0for neN(n,).

If there exists a positive integer n, such that x(n)<0

forneN (n,), then (1.1) is called eventually negative.

IJSRSET162473 | Received : 17 July 2016 | Accepted : 26 July 2016 | July-August 2016 [(2)4: 370-379 ]

The solution of the difference equation (1.1) is said to be
oscillatory if it is neither eventually positive nor
eventually negative.  Otherwise, it is called
nonoscillatory.

This paper deals with the discrete version of the
equation discussed in [9]. The following important
theorem is needed in the proof of main results.

Theorem 1.1 (Banach’s Contraction Mapping
Principle). A contraction mapping on a complete metric
space has exactly one fixed point.

II. EXISTENCE OF POSITIVE BOUNDED
SOLUTIONS
We shall show that an operator S satisfies the

conditions for the contraction mapping principle by
considering different cases for the ranges of the

coefficients P, (n)and P,(n).
Theorem 2.1. Assume that 0< P, (n)< p, <1,
0<P,(n)<p,<1-p, and

3Qu(s) <0, 3R (5)<o0

s=n, s=n,

Then (1.1) has a bounded non-oscillatory solution.

2.1)

Proof. Because of (2.1) we can choose n, >n,

370



n >n, + max{rl,gl} (2.2) This means that SQ < Q. To apply contraction mapping
principle, we shall show S is a contraction mapping on

Sufficiently large such that Q.Thus x,x, eQand n>n,,

0 M _

>Q(s)<—E = nzn, (23) (8%)(m)=(Sx)(n)}

s=n 2

P( n- P,(n)x (n

" a—(p,+p,)M, - M, |a (N)x(n-7)=P,(n)x(n+7,)
D2 Q(s)= v n>n,. (2.4)
s=n 2

+;[Q1(s) X (s=0,)=Q,(s) (s +0,)]
)

where M,and M, are positive constants such that ~(a=PR(n)x,(n-7,)-P,(n)x,(n+7,)

p,+p,)M,+M, <M, and

( | 2) 2 1 2 +Z[Ql s o-l) QZ(S) X2(3+62)]j‘
ae((p+p,)M, +M;,M,).
Let I, be the set of all real sequence with the norm <R(n) |X1 n_Tl)_XZ(n_Tl)|

|X|=sup|x(n)| <oo. Then I7 is a Banach space. We R (M (1+7,) =% (n+7,)

define a closed, bounded and convex subset Q of I as +ZQ1(5)|X1(5—01)—Xz(5—01)|
follows -
QZ{XEI? ‘M, <x(n)<M,, nZnO}. +;}QZ(S)|X1(5+52)_X2(S‘WLO'2)|
Define a mapping S:Q — 17 as follows <% =%+ . ||X1—X2||+iQ1(S)||xl—x2||
OZ—P( ) (n—Tl)—Pz(n)x(n+rz) . s=n
= +Z[Q1 X(s=0,)-Q,(s) X(s+0,)].n=n, +§QZ(S)”X1_X2"
(54)(n), =(p1+ b, +ZQ1(S)+ZQ2(S)J||X1—XZ||

Obviously Sx is continuous. For n>n and x e, from

(2.3) and (2.4) respectively, it follows that =(D1 i D+ My—ar a=(p.+p,)M, - Ml]
MZ MZ
Sx <a+ Q s o,
() + ZE) Xo-a1) bl
M,-M
= M3 0 (5) L ()
s=n 2
=a+M2[M2_aJ =[x =
Mz where 4 =1—-M1 This implies that
(SX)(n)< M, T, P
(S )(m)= (5%, )(n)]| < 2% =%
Also we have . ) )
. Thus we have proved that S is a contraction mapping on
(SX)(n)z =R (n)x(n-7)-F(n)x(n+z,)-2.Q;(s) X(s+02) Q. Infact x,x, €Q and n>n, we have
za- lez - pzMz _Mzin (S) ‘(Sxi)(n)_(sxz)(n)‘ < p(n)‘xl(n—rl)—xz(n—rl)‘ SﬂiHXl_XZH'
Mo i;_(lerpz)Mz_Mlj Since 0< 4, <1, we conclude that S is a contraction
—eT P TR M, mapping on Q. Thus S has a unique fixed point which

(Sx)(n)=M, is a positive and bounded solution of (1.1). This
completes the proof.
Hence

M, <(Sx)(n)<M,for n=n,.
Thus we have proved that (Sx)(n)eQ forany xeQ.
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Theorem 2.2. Assume that 0< PR, (n)< p, <1,

p,—1<p,<P,(n)<0 and (2.1) hold, then (1.1) has a
bounded non-oscillatory solution.

Proof. Because of (2.1) we can choose n >n,
sufficiently large satisfying (2.2) such that
0 1 N _
ZQl(s)sM, nxn, (2.5)
s=n Ng
ZQZ(S)S%’ n>n,. (2.6)
= 2

where N,and N, are positive constants such that

N, + BN, <(1+ p,)N,and @ e(N, + p,N,,(1+ p,)N,) .

Let 17 be the set of all real sequence with the norm
|X|=sup|x(n)| <oo. Then I7 is a Banach space. We
define a closed, bounded and convex subset Q of I as
follows

Q:{XGI;‘;:NlSX(n)sNZ,nZnO}.
Define a mapping S:Q2 — 1 as follows

a-B(n)x(n-z,)-P,(n)x(n+1z,)
= +2[Q1 (s—0,)-Q,(s) X(s+0,)], nzn,

(Sx)(m,),
Obviously Sx is continuous. For n>n and x € Q, from
(2.5) and (2.6) respectively, it follows that

ZQl S 0'1
<a-p,N,+ NZZQl(s)
=a—p,N, + Nz(wj

N2

(Sx)(n)<N,

N, <n<n,.

(Sx)(n)<a—PR,(n)x(n+7,)

Also

(Sx)(n)=a—P,(n)x(n-1,)

ZQz

x(s+o0,)

0

>a—pN, =N, > Q,(s)
2
(sx)(n)=N,
Hence

N, <(Sx)(n)<N,for n=n,.
Thus we have proved that (Sx)(n)eQ forany xeQ.

This means that SQ < Q. To apply contraction mapping
principle, we shall show S is a contraction mapping on
Q.Thus x,x, eQand n>n,,

(%) (n) = (S, )(n)|
)% (n-z,)=%(n-z)

+P, ()% (n+7,) =%, (n+7,)|
+ZQ1(5)|X1(S_O'1)_Xz(s_o'l)|
+ZQ2(S
< Pl =] = pa I =%+ 2 Qu (s
+ZQZ(S
(pl p2+ZQ1 5)j||xl_x2”
_ _ (1+p2) 2 - a—pN,—N,
[% =%
N =N

N2 (” 1 2")
=4[x =%

where A, :1—%. This implies that

2

X (s+0,)=%(s+a,)
¥ =
)% =%

+ 20

s=n

(5% )(m)= (5, )(n)]| < & %, = |
Thus we have proved that S is a contraction mapping on
Q. Infact x,x, eQ and n>n, we have
(5% )(n)=(Sx,)(n)| < PO x,(N=7,) =%, (N=7)| < A [x, — ]
Since 0< 4, <1, S is a contraction mapping on Q. Thus

S has a unique fixed point which is a positive and
bounded solution of (1.1). This completes the proof.

Theorem 2.3. Assume that 1< p, <R (n)< p, <o,

0<P,(n)<p,<p,—1and (2.1) hold, then (1.1) has a
bounded non-oscillatory solution.
Proof. In view of (2.1), we can choose n, >n,

n+7xn,+o; (2.7)

Sufficiently large such that
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in(S)SM, n>n, (2.8) M, <(Sx)(n)<M,for n>n,.

Thus we have proved that (Sx)(n)eQ forany xeQ.

2 -p.M;—(1 M ; . .

ZQz (s) < a—p, M ( + pz) LN n. (2.9) Thls means that SQ Q. T? apply contr_actlon mzflpplng

P M, principle, we shall show S is a contraction mapping on
Q.Thus x,x, eQand n>n,,

(8x.)(m)=(S%,)(n)

where M and M, are positive constants such that
p,M; +(1+ p,)M, < p,M, and

ae(p,M;+(1+p,)M,, pM, ).
Let I be the set of all real sequence with the norm

SW(|X1(n+Tl)—XZ(n+Tl)|

R, (n+7)[) (N+7,+7,) =X, (n+7,+7,)|

£ Qs)x(s-0y)-x,(s— )

S=n+7y

||X||=SUp|X(n)|<oo. Then I is a Banach space. We

define a closed, bounded and convex subset Q of I;Z as N z Q, S)|X1(S+02)—X2(S+62 )D
follows =N+
Q:{XG b :Ma <x(m)<M,, n> no}. S%(Hxl = %[+ pa X =%+ in(s)”xl =
1 s=n

Define a mapping S:Q — 1 as follows

DYNCIEH]

{a=x(n+7)-P(n+7,)x(n+7,+7,)

P(n+z'1) 1
(Sx)(n) =1+ z [Q(s) x(s=01)-Q,(5) x(s+az)]},n2nl, ZF[]”' P, +ZQ1(S)+Z J”X 2"
S=N+7; 1 s=n S=n
(s)(n), n<n<n,. :i[u - p1M4_a+a—p10M3—(1+ pz)M4J
W M, M,

Obviously Sx is continuous. For n>n and x e Q, from
(2.8) and (2.9) respectively, it follows that ”Xl B X2”

00t 3 alopts | I ILLSLLY

s =l x|
< a+M,3Q(s) My
T e where 4, :1—1°—M.Th|s implies that
174
1 M, -«
:?[a + M{QTD [(5%) () =(S%, )(n)] < A % =,
! Thus we have proved that S is a contraction mapping on
(Sx)(n)< M, Q. Infact x,x, €Q and n>n, we have
We have . (5%)(n)=(S%)(n)| < p(n)‘xl(n—rl)—xz(n—.rl)‘ S%HXFXZH-.
1 Since 0< 4, <1 ,we conclude that S is a contraction
S > - -P,
(Sx)(n)= F’1(n+z’l)(a A(n+m)=R(nen)x(nen +r) mapping on Q. Thus S has a unique fixed point which
B i Q,(s) x(s+0)) is a positive and bounded solution of (1.1). This
completes the proof.

s 1 [a—M4—p2M4—M4iQZ(S)]
R(n+z) Theorem 2.4. Assume that 1< p, <R (n)< p, <o,
s 1 a-(1+p,)M,-M @~ PM,—(1+p.)M,
= )M, =M, v 1-p, <P, <P,(n)<0 and (2.1) hold, then (1.1) has a

P, 4
(sx)(n)= M, bounded non-oscillatory solution.
Proof. In view of (2.1), we can choose n >n,
Hence sufficiently large satisfying (2.7) such that
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2.10
N4 (2.10)
o a—p, N,—N
> Q,(s) 1°N P _* nxn. (2.11)
s=n 4

where N,and N, are positive constants such that

p, Ny +N, <(p, + p,)N,and

ae(ploN3+N4,(pl+ pz)N4).

Let I be the set of all real sequence with the norm

||x||=sup|x(n)|<oo. Then I is a Banach space. We

define a closed, bounded and convex subset Q of
I;Z as follows

Q={xelZ:N;<x(n)<N,, n>n,}.

Define a mapping S:Q — 1 as follows

1
p(n+T1){067x(n+rl)fPz(n+rl)x(n+fl+z.2)
($x)(n)= +S; [Q(s)X(s—07)-Q,(s) X(s+0,) ]}, n=n,,
(SX)(n1)' N, <n<n,.

Obviously Sx is continuous. For n>n and x e Q, from
(2.10) and (2.11) respectively, it follows that

1

(M= ey

n+1,)

+ Z Q(s)

X(s —0'1))
s=n+g

s%(a— p2N4+N4in(s)j

1 s=n

N
:%[a— p2N4+N4[(p1+ PN,
1

N4
(Sx)(n)<N,

(a—Pz(n+rl)X(n+rl+rz)

_aJJ

Furthermore
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(8)(n)> L (a-x(n+7)

(n+7,)

0

-2 Qs

s=n+7,

1
(a N, -N, ZQ2 ]
plo

—p N.—
ZL(Q_NA_N{L

NAD
Py N,

(Sx)(n)=N,

X(s+0,))

Hence
<(Sx)(n)<N,for n>n,.

Thus we have proved that (Sx)(n)eQ forany xeQ.

This means that SQ < Q. To apply contraction mapping
principle, we shall show S is a contraction mapping on
Q. Thus x,x, eQand n>n,,

|(SX1)(n)—(SX2)(n)|
<ol - xl+ Tas
20

;(1 pz+ZQ1

1

)% =%
% ‘X2||)

+3.0

s=n

Q.9 -l
=i[l—p2+(pl+p2) 4_a+a_p10N3_N4J
pl N4 N4

e =

1 p1N4—p10N3}
= —— — X
L PR B g

=[x =%

N
where 4, =1- P, s

. This implies that

1" %4
[(5%)(m)= (k) ()] < Auf% =
Thus we have proved that S is a contraction mapping on
Q. Infact x,x, eQ and n>n, we have
(5%)(n)=(S%, ) ()| < P()[x (n=7,) =%, (N7, )| < A%, =, |
Since 0< 4, <1,S is a contraction mapping on Q. Thus

S has a unique fixed point which is a positive and
bounded solution of (1.1). This completes the proof.
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Theorem 2.5. Assume that —1< p,<R,(n)<0,
0<P,(n)<p,<1+p, and (2.1) hold, then (1.1) has a

bounded non-oscillatory solution.
Proof. From (2.1), we can choose n, >n, sufficiently

large satisfying (2.2) such that

(1+p )M —a

2Q(s) s = —n=n, (2.12)
in(s)sa_pzMG_MS,nznl. (2.13)
s=n 6

where M and M, are positive constants such that

M; + p,M¢ <(1+ p,)M;and

a e(M + p,Mg, (1+ p,)M,).

Let I be the set of all real sequence with the norm

|X|=sup|x(n)| <. Then I7 is a Banach space. We
define a closed, bounded and convex subset Q of I as
follows

Q:{XGI;’; ‘M, <x(n) <M, nZno}.
Define a mapping S:Q2 — 1 as follows

a—-R(n)x(n-z,)-R,(n)x(n+z,)

= +Z[Ql (s=0,)-Q,(s) X(s+0,)].nzn,

(Sx)( n), n,<n<n,.
Obviously Sx is continuous. For n>nand X,
from (2.12) and (2.13) respectively, it follows that

Z Q1 S 0'1

<a-pM, +M62Q1(s)

s=n

(Sx)(n)<a—-P,(n)x(n-17,)

—a le6+M6[—(1+p1)M6_aJ
MG
(Sx)(n) M,
Also we have

0

(SX)(n)=a-PR,(n)x(n+7,)->.Q,(s) X(s+05,)

s=n

>0 - p,Mg—Mg > Q,(s)

a_pzMa_MsJ

=a—p2|\/|6—|\/|6£ M
6

(Sx)(n)=M,

Hence
M; <(Sx)(n)<Mgfor n>n,.
Thus we have proved that (Sx)(n)eQ forany xeQ.

This means that SQ < Q. To apply contraction mapping
principle, it remains to show that S is a contraction
mapping on Q. Thus x;,x, € Q and

(5%)(n) (8%, )(n)
—p1||X1 - X2||+ P, ”Xl -

+in(s
:(_pl + P, +§‘,Q1(S)+in

s=n

X[+ 25 Qu(8) % x|
s=n

)% =]

) -l

I -]
= el
Al x]

where A =1—% . This implies that
M6
(5% )(m) = (5%, )(n)]| < & [% = |
Thus we have proved that S is a contraction mapping on
Q. Infact x,x, eQ and n>n, we have

(S)(M)=(S%) ()< P (n-7) =% (n=7)| < & x — x|
Since 0< 4, <1, we conclude that S is a contraction

mapping on Q. Thus S has a unique fixed point which
is a positive and bounded solution of (1.1). This
completes the proof.

International Journal of Scientific Research in Science, Engineering and Technology (ijsrset.com)



Theorem 2.6. Assume that —1< p, <R, (n)<0,

—1-p, < p,<P,(n)<0 and (2.1) hold, then (1.1) has a
bounded non-oscillatory solution.

Proof. From (2.1), we can choose n, >n, sufficiently
large satisfying (2.2) such that

ZQl 1+ p,+P,)Ng—a

N6
> Q,(s) <5

6
where N and N, are positive constants such that

nxn, (2.14)

,n=n (2.15)

Ny <(1+ p, + p,)Nsand & e(Ns,(1+ p, + p,)Ng) -
Let I be the set of all real sequence with the norm

|X|=sup|x(n)| <oo. Then I7 is a Banach space. We
define a closed, bounded and convex subset Q of Inj as
follows
Q={X€|:;ZN5SX(H)S N, nzno}.
Define a mapping S:Q — 17 as follows
a-P(n)x(n—7,)-P,(n)x(n+7,)
= +Z[Q1 (s—0,)-Q(s) x(s+a,)|.n=n,
(Sx)( n), n,<n<n,.
Obviously Sx is continuous. For n>n and x € Q, from
(2.14) and (2.15) respectively, it follows that

(Sx)(n)<a-P(n)x(n-7,)-P,(n)x(n+7,)
+ZQ1

<a—pNg—p,Ng+ NBZQl(S)

s=n

S ‘71)

=a—pNg—p,Ng
+N6[(1+ P+ P, )N, —aj
Ng

(SX)(n) <N
Furthermore

(SX)(n)Za—si;Qz(s) X(s+0,)

Hence
N; <(Sx)(n)<Ngfor n>n,.
Thus we have proved that (Sx)(n)eQ forany xeQ.

This means that SQ < Q. To apply contraction mapping
principle, we shall show S is a contraction
mapping on Q. Thus x,x, eQQand n>n,,

(5%)(n)=(S%,)(n)|
<=y X =% = Py % - Xz||+ZQ1

+ZQ2(S
:[_pl_ P, +iQ1

:[_pl_ p, +

[% =%

N.—N
ZT(”& - X2||)
=5 [ % =%,

where A,

() —x

)% =]

0

)+2.0

) x|

(1+p +p,)Ng —«x L= N,
N6 NG

:1—% . This implies that

6

(5% )(m)= (8% )(n)] < 26 % = |
Thus we have proved that S is a contraction mapping on
Q. Infact x,x, eQ and n>n, we have
(8% )(n)= (S ) (m)] < P (n=7:) = (n= 7)< & [ =
Since 0< 4 <1, S is acontraction mapping on Q. Thus

S has a unique fixed point which is a positive and
bounded solution of (1.1). This completes the proof.

Theorem 2.7. Assume that —o<p, <R (n)<p, <-1,

0<P,(n)<p,<-p,—1and (2.1) hold, then (1.1) has a
bounded non-oscillatory solution.

Proof. In view of (2.1), we can

n, > n, sufficiently large satisfying (2.7) such that

choose

pM; +a
le 10—’
nx=n

MS
e (-p,—1-p,)M; —«
;QZ(S)S 1 M:) 8 , )

where M, and M, are positive constants such that

—p,M; <(=p,~1-p,)Mzand

e(_pJOM77(_pl_1_ pz)MS)'

nxn (2.16)

(2.17)
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Let I be the set of all real sequence with the norm This means that SQ < Q. In order to apply contraction
mapping principle, we shall show S is a contraction

||x||:sup|x(n)|<oo. Then I7 is a Banach space. We mapping on Q. Thus if x. x, c Qand n=n, .

define a closed, bounded and convex subset Q of I” as
° (8% )(n) (%) (n)
follows 1 . .
Q={xelZ:M, <x(N)<M,, n=n,}. SF[H P, +2.Q(s)+2.Q (S)jllxi =%y
1 s=n s=n
Define a mapping S:Q — I as follows _ _1£1+ ) M, +a . (=p,—1-p,) M, _aj
2
-1 {a+x(n+7)+P(n+7)x(n+7,+7,) 1 M, M,
P(n+11) ”X1 —X2||
(Sx)(n)=1- Z [Qi(s) x(s=01)-Qu(s) X(S+O'2)]}‘ n=n, -1( p,M; —pM; " ”
S=n+7y _ = - _X
(Sx)(n,), n,<n<n. Py M, R
. - =A% = x|
Obviously Sx is continuous. For n>n and x € Q, from o, M
(2.17) and (2.16) respectively, it follows that where 4, =1——___ This implies that
178
(SX)(n)SP_—l(a+X(n+T1) [(S%)(n) (S, )(m)] < 4 % =%, |-
1(n * rl) Thus we have proved that S is a contraction mapping on
+P(n+7)x(n+7,+7,) Q. Infact x,x, €Q and n>n, we have
+ i Q.(s) x(s—al)) (5%)(n)=(S% ) (n)] < P x,(n—7,) =% (n =7, < 4 [, — ]
s=n+z Since 0< 4, <1, S is a contraction mapping on Q. Thus
g__l(a+ M, + p2M8+M8iQ2(S)j S has a unique fixed point which is a positive and
Py s=n bounded solution of (1.1). This completes the proof.
=_—1(a +M; + p,M
P, Theorem 2.8. Assume that —o< p, < P(n)<p,<-1,
M [(_pl_l_ pz)Ms—aJ) p,+1<p, <P,(n)<0 and (2.1) hold, then (1.1) has a
8
M, bounded non-oscillatory solution.
(Sx)(n)< Mg Proof. In view of (2.1), we can choose n >n,
Also sufficiently large satisfying (2.7) such that
ploN + p,Ng +
Sx)(n)>— s ,n=>n, 2.18
e LR ICIC S So(s)s . e
-1
>_— M = —p—1)Ng -
Py, (0! SZQl j ZQz(S)S( s N) ==, nz n. (2.19)
s=n 8
= __1(0{ - M, (MD where N, and N, are positive constants such that
Py Mg

—p, N, = p,Ng <(=p, 1) N, and

e(=pyN; = PN, (—p, ~1)N, ).

Hence Let I be the set of all real sequence with the norm
M, <(Sx)(n)<M,for n=n,. |X|=sup|x(n)| <. Then I7 is a Banach space. We

Hence (Sx)(n)eQ forany xeQ. define a closed, bounded and convex subset € of | as

follows

Q={xel7:N, <x(n) <Ng, n>n,}.
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Define a mapping S:Q — 17 as follows

(Sx)(n)=1- i [Q(s) x(5—67)—Q,(5) x(s+oz)]},n2n1,

S=N+7

(Sx)(n,), n,<n<n,.

Obviously Sx is continuous. For n>n and x € Q, from

(8%)(n) = (5%, )(n)|
W{“”(””&f P(n+z)x(n+7+17,) S_El(”x1 — %, |- pof% - x2||+s_ian(s)||x1 — |

+§Q2(s)||x1—xz||)
_—1(1— P, + ng(S) + ng (5)]”X1 =

Py

(2.19) and (2.18) respectively, it follows that =—_1(1_ b, + PN, +p,Ng + . (— P, —1) Ng — a]
~ Py N N
(Sx)(n)sm(a+x(n+q) % =%
+3Q,(s) x(s+0,)) =EE%TM’]HX1—XZII
~Alx-x|

S_—l[a + N, + NBZ.C:Q2 (s)]

Py

z—_l[a N+ N(wn
Py N

where 4, =1- P,

N7

. This implies that

1°78

[(S9)(m)= (S ) ()] < &% —%|

(Sx)(n)< N, Thus we have proved that S is a contraction mapping on
Furthermore Q. Infact x,x, €Q and n>n, we have
(sx)(n)= -1 (a+B(n+z)x(n+7+7,) -\(le)(n)—(sz)(n)Fp(n)\&(n—rl-)—xz(n—rll)\£/18H><1—XZH.
R(n+7) Since 0< 4, <1,$ is a contraction mapping on Q. Thus
_ i Q(s) x(s—o-l)) S has a unique fixed point_ which is a positive and
soner, bounded solution of (1.1). This completes the proof.

zg—lﬂa +p,Ng — Nsin(s)J

1y s=n
_ N N

:_1(a+ pZNB—NS[plo 7P wa]j [1]
Py, N

(Sx)(n)=N,

[2]
Hence

N, <(Sx)(n)< Ngfor n>n,. 3]
Thus we have proved that (Sx)(n)eQ forany xeQ.
This means that SQ — Q. To apply contraction mapping
principle, we shall show S is a contraction mapping on

Q. Thus x,x, eQand n>n,, [4]
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