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ABSTRACT

Patterns of Pythagorean Triangle for each of which (one leg of right triangle 2pq) —
(Area) .- . . . . .
may be expressed as a positive integer(K). A few interesting relations are also given.

(Perimeter)
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I. INTRODUCTION
x = 2pq
The method of obtaining three non-zero integers ¥ = p*>—q° where p>q>0 1)

X, Yy and z under certain relations satisfying the 2= p*+q’
equation x2 +y? =22 has been a matter of Denoting the Area and the Perimeter of the above
Pythagorean triangle by A and P respectively, the

assumption that the ratio A/P can be expressed as the
one leg of right) _6 (A

interest to various mathematicians [1 to 7]. In [8
to 13] special Pythagorean Problems are studied.

In this communication, we present yet another equation( —) = K where

) ) ] - triangle 2pq P
interesting Pythagorean triangle where in each of K is a non—zero integer, which leads to the equation
which 3¢%-pq = K @)
In which follows we are present pattern of integral
<one leg of right) _ (Area) _ g A fo  SOlution of (2) and thus in view of (1), the integral
triangle 2pq (Perimeter) solution of (2) are obtained.

interesting relation among the solutions are given.  pattern |
Let K = a? which leads (2) as

Notation 3q2 -pq = a3 3)
_ _ - — 2 _ — - .
L Toy = n [1+ (n—=1)(m 2)} - Polygonal Choosing g = @?,3q —p = a in (3) and solving we
2 get
number of rank n, with sides m. p=3a’—aandq = a’ (4)
In which follows, we obtain the values of X, y, z

Il. METHODS AND MATERIAL x=2pq = x(a) = 6a’-2a° ()
The most cited solution of the Pythagorean equation y=p*-q¢*=y(a) = 8a*- 6a® + a® (6)
x2+y2=2%is z=p?+q¢*’=z(a) = 10a*- 6a3 + a? (7)
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Few examples are given

a p q X Y z

4 44 16 1408 1680 2192
5 70 25 3500 4275 5525
7 140 49 13720 17199 22001
9 234 81 37908 | 48195 61317
11 352 121 85184 | 109263 | 138545

Properties

1. x + 2a3issix times a Quartic integer.

2. x(a) + 2a3is anasty number.

3. 2(z- y)isaperfect square.

4. 3(z — y)is a nasty number.

5. z-y=0(mod 2)

6. x+y + z=0(mod?2)

7. (x+y+z)-4ada —1)Ts, =0

8. x- (a)?Tsq =0

9. 2(y + 2z)is a perfect square

10. y —2a®Typq —Taq =0
11. z—4a%T; 4 —Tye =0
12. (x+y—2)—2a%Tgq =0
Pattern 11
Assuming K = a*(a > 0) which leads (2) as
3q°-pq = a* (8)
Case i:

Choosing g = a?,3q —p = a? in (8) and solving we
get

Properties
1. x + y + zistwelve times a Quartic integer.
6(x — y)is a nasty number.
6 (z — y)is a nasty number.
Z + x - yis a nasty number.
2(x + y - z)is a perfect square.
6. y + z- xis a perfect square.
Case ii:
Choosing g = a3,3q —p = a in (8) and solving we
get

SR S

p = 3a® —aandq = a3 (13)
In which follows, we obtain the values of X, y, z
x =2pq = x(a)= 6a®—2a* (14)
y =p?—q¢*=y(a) = 8a® —6a*+a? (15)

z =p?+q¢®’=z(a) = 10a® — 6a* + a? (16)

Few examples are given

a p q X Y z

4 188 64 24064 31248 39440
5 370 125 92500 121275 152525
7 1022 343 701092 926835 1162133
10 | 2990 | 1000 | 2980000 7949100 9940100
3 78 27 4212 5355 6813

p = 2a?andq = a? (9)
In which follows, we obtain the values of X, y, z
x=2pq = x(a) = 4a* (10)
y=p*-q¢*= y(a) = 3a* (11)
z=p?+q*’= z(a) = 5a* (12)
Few examples are given
a p q X y z
2 8 4 64 48 80
8 128 64 16384 12288 20480
10 200 100 40000 30000 50000
12 288 144 82944 62208 103680
14 392 196 153664 | 115248 | 192080

Properties

2(z - y)is a perfect square.

(z-¥)- 2(Tya)® = 0.
x+y+2z)-4a(da—-1)Ts, = 0.
y-k-2kTy, = Owhere k = a?.

5. y = 3kTgx— 2(k — 1) T3 ,Where k = a?.
6. x + y + z =0 (mod 2)

7. z-k-4kT,, = Owhere k = a?.

w0 DN PR

Pattern 111

Assuming K = a®(a > 0) which leads (2) as
3¢°-pq = a® (17)
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Case i:
Choosing g =a3,3g—p=a? in (17) and
solving we get

p = 3a3 — a?andq = a3 (18)

In which follows, we obtain the values of x, vy, z
x=2pq = x(a)= 6a’®—2a® (19)
y=p?—q¢*=y(a) = 8a’® —6a®+a* (20)

z=p?+q*=z(a) = 10a® — 6a® + a* (21)

y =p?®—q¢*=y(a) = 9a® — 6a® + a? — a*
(24)

z=p*+¢*=z(a) = a®+9a® — 6a° + a?
(25)

Properties
- 2) = 2k [(2k)* (k-
1) - T3y ) where k = a?.
x = 0 (mod 2).
(y-x)-a*(Ba’®+ 1) + 8aTy, = 0.
z(a) — a®(a?(a + 9) - 6)is a perfect

. square.
Few examples given _
5 y(a)- a*(Ba(3a® —2) — 1) is a perfect
square
(04 o] q X Yy z
2 20 8 320 336 464
4 | 176 64 22528 26880 35072
5 | 350 | 125 87500 106875 | 138125
8 | 1472 | 512 | 1507328 | 1904640 | 2428928 _
Few examples are given
10 | 2900 | 1000 | 5800000 | 7410000 | 9410000
a p q X y z
Properties ! 2 ! 4 3 >
2 46 16 1472 1860 2372
L 2(z-y) '_S perfect square. 3 241 | 81 39042 51520 64642
2. 3(z — y)is nasty number.
4 764 | 256 | 391168 | 518160 | 619232
3. x(a)-2a*[Tyy +Teal =0.
4. y(@) - a*[2Tsq +1] =0. 5 | 1870 | 625 | 2337500 | 3106275 | 3887525
5 z(a)- a*[4T,, +1] =0.
. o Pattern 1V
6. 2(y+ z)isa perfect square.
2 .
7. y+2z-8(Tsq) = 0. LetK = af, [ > a > 0 which leads (2) as
8. (z-x)-4a’T5,2+a*Tg, = 0. 3¢2-pq = af (26)

Case ii:

Choosing g = a*,3q —p = a in (17) and solving
we get

p =3a*—aandq = a* (22)
In which follows, we obtain the values of x, y, z
(23)

x =2pq = x(a)= 6a®—2a®

Choosing g = 8,39 —p = a in (26) and solving
we get
p=3B—aandg = (27)

In which follows, we obtain the values of x, vy, z
x =2pq = x(a,B) = 6B%—2ap (28)

y =p*—q¢*= y(a,p) = 8B*—6ap + a®
(29)
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z =p?+qg®’=z(a,p) =10B%? —6af + a?

(30)

Few examples are given

a B p q X y z
1 2 5 2 20 21 29
2 3 7 3 42 40 58
4 5 11 5 110 96 146
6 7 17 7 238 | 240 | 338
7 8 18 8 288 | 260 | 388

Recurrence relation

1. x(a +1,+1)- 2x(a,B) + x(a—
1,—1) = 8
2. Y(a +1,+1) - 2y(a,B) + y(a—
1,—-1) =8
3. z(a +1,0+1)- 2z(a, ) + z(a —
1,8—1) = 10
Properties
1. x(1,B8) = 0(mod?2)
2. y(1,B) — 2Ty —1=0.
3. z(1,B)—4T,5—1=0
4. x(1,B)—12T35+88 =0
5 y(,B)—1=0(mod2)
6. z(1,8)—1=0(mod2)
7. z(1,B) — x(1, B)is a perfect square.
8. 8 z(1,B)—y(1,B) istwotimesa
perfect square.
9. x(1,B)+y(@,B)—z(1,B) +2pisa
perfect square.
10 x(1,p+1)—12T35—4(F+1)=0
11. y(1,p+1)—16T35 — (26 +3) =0
12. z(1,f+1)—20T;35— (4B +5) =0
13. 3[y(1,B+1) —x(1,8+ 1)] + 3isa
nasty number.
14. z(1,B + 1) —x(1,B + 1)is a perfect

square.

15.

z(1,B+1) —y(1,B + 1)is a perfect
square.

III. CONCLUSION

One may search for other patterns of Pythagorean
triangle under consideration.
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