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ABSTRACT

A technique is proposed for calculating belt transfers of drives of technological machines and aggregates, which
consists in determining the tension of the belt branches, depending on the properties of its material and the design
parameters of transmission in a stationary mode. The obtained analytical solutions allow in the future also
establishing the dependence of the current tension of the belt branches on the initial tension of the belt, the speed of
rotation and the transmission mechanism and the resistance force on the drive shaft. The proposed technique is
demonstrated by examining one of the particular cases of the geometric arrangement in the plane of motion of the

belt transmission elements.
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I. INTRODUCTION

In technological machines and machine units (MU), due
to the specificity of a particular process, the working
and executive bodies are more often subjected to
vibration loads [1] and [2]. Moreover, in a number of
cases, the sources of vibration can become not only the
processes of interaction of working organs with the
object being processed, but also the mechanisms of the
drives of the machines themselves. In these cases, with
the help of one of the drive mechanisms, vibrations are
artificially created to communicate them to the MU
workers in order to increase the efficiency of
technological processes [3]. For example, in the MU
textile industry there have been attempts to apply belt
gears with variable gear ratios, which are performed by
eccentric pulleys or tension rollers [4], [5]. Due to this,
the vibrating movements are communicated to the
working body of the machine, and thus the effectiveness
of its interaction with the material being processed (in
this case, raw cotton) is increased [4]. The same effect is
obtained, for example, in the application of belt gears
with variable gear ratio in the drives of machines for
crushing stones (rock crushers) in the mining and road
construction industry where, due to vibrations reported
from the drive to the working member, the crushing
process will be more productive, [6] and [7]. In this
regard, belt drives, which are an integral part of the
high-speed drives of many technological MUs, taking
into account the prospects of their application for the
implementation of various additional functions, require
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further improvement of the methods of their calculation

8], [91

As is known, modern computational methods and
computer technologies allow the most accurate solution
of a wide range of boundary value problems by
numerical methods. However, for comparison, the
gualitative and quantitative estimation of the error in the
results of numerical calculations of physically and
geometrically nonlinear problems, taking into account
the flexibility and deformation of the material, requires
analytical solutions for at least the simplest test cases
and the most accurate values of unknown parameters at
the boundaries of the region or discontinuity.

II. PROBLEM STATEMENT AND THE
RESEARCH PURPOSE

The task of ensuring reliability, durability and
increasing the service life of the transmission belt in a
new setting can be taken as the definition of rational
values of external loads, design parameters in which the
tension of the branches of the belt transmission at each
time will be distributed more evenly and remain within
the allowable for the corresponding material of the belt .
The solution of such a problem could be obtained if we
apply the method of conditional rotation of the
transmission mechanism in a stationary mode, where the
values of the time constant of the tension and the speed
of movement of the belt branches are within their
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acceptable values. Meanwhile, it is obvious that it is
difficult and practically impossible to ensure rotation of
the transmission mechanism in a stationary mode for a
long period of time. Therefore, in theoretical and
practical studies, one can speak only about small or
infinitesimal time intervals, within which the
mechanism rotates in stationary modes, having in each
individual piece of time piecewise constant values of
tension within the permissible limits [10], [11].

The purpose of the research is to demonstrate, on the
example of considering one of the special cases of the
geometrical arrangement in the plane of motion of the
belt transmission elements, a new technique for
determining the tension of the belt branches, depending
on the properties of its material and the design
parameters of transmission in a stationary mode.

The assumed assumption of the stationary mode of
rotation of the transmission mechanism is based on the
possibilities of dividing the operation time of specific
machines into small or infinitely small segments in
which the mechanism can rotate at constant speeds and
tensions. However, it is difficult to find any real
explanations for the assumption that the belt material is
not extensible, especially with sufficiently large static
and dynamic loads. This assumption is based on the fact
that during the operation of the transmission
mechanisms, the belts are relatively slightly stretched
(relative deformations within (0.01+0.02)).

III. DEVELOPMENT OF THE METHODOLOGY
AND DISCUSSION OF THE RESULTS

As an object of study, consider a special case of a
belt drive consisting of three pulleys, when the
second pulley is located to the left of the first and
third pulleys (Fig. 1). The carried out theoretical
and numerical and experimental studies have
shown that in this case the belt movement patterns,
the forces acting on the belt and the distribution of
belt tension substantially differ from other cases
For example, consider a case that satisfies the
condition).d, > d, (Fig.1).

Start the coordinate system (X,y) in the center o,
of the first pulley. The axis y passes through the

centers of the first and third pulleys, and the axis X
- perpendicular to the latter.

ix

Figure 1. General scheme of the mechanism of belt
drive with three pulleys

In the case under consideration, the angle ¢, depends

on the transverse dimensions of the first and third
pulleys. An increase in the diameter of the first pulley

leads to a decrease in the angle ¢, , and an increase in the

diameter of the third pulley - on the contrary, leads to an
increase in this angle.

The values of the angles ¢, and ¢, depend on the
transverse dimensions of all the pulleys and the location
of the second pulley (X,,Y,) inthe (x, y) plane:

- An increase in diameter d; leads to an increase in the
angle @, ;

- An increase in the diameter d, leads to a decrease in
the angles @, and ¢, ;

- A decrease in the coordinate X, at 'y, = const leads to a
decrease in the angles ¢,

and ¢s;

- An increase in the coordinate y, at X,=const leads to
an increase in the angle ¢, and the decrease in angle ¢, .

The force scheme on the surfaces of the first, a second
and third pulley is shown in Fig. 2, 3 and 4 respectively.

Forces R, and R, and the vertical axis y form angles
6, and 0, respectively (Fig. 2), (Fig. 4):
el=£_¢71+¢2; 93:%_(03_
2 2 2
The force R, depending on the angles ¢, and ¢, can
form a positive or negative angle & with the axis X (Fig.

3 (a), (b))

1

E(%‘%) at ¢, <@,
6,=10 at ¢, =g,

1

5(%—%) at ¢,>g,
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Figure 2. The scheme of the forces on the surface of
the first pulley

ix

v
ix

T—@, F(-z:]

Figure 3. The scheme of forces on the surface of the
second pulley

Kinematic conditions - conditions of continuity of
motion on the surface of pulleys take the form:

X, dt = —cos g, ds,, y,dt = —sin ¢,ds,,
X,dt = cos,ds,, y,dt = sin ¢,ds, ,
X;dt = —cosg,ds,,  y;dt =sin ¢,ds;,

where minus signs mean that the directions of the
velocities X7, x; and Y, are opposite to the directions

of the horizontal and vertical axes, respectively.

Equations of the law of conservation of momentum
have the form:
- on the surface of the first pulley

—T,cosp, —T,cosp, + R, cos 5, —
plFldsl(xl. —X;): 1 _(01 2~ @, + R, c0s dt
— fR;sin g, + Psin 5,
=T,sing, —T,sing, +R;sin g, +) ..
plFldS]_(yI _ y;): 1Sing, —T,sinp, +R; sin B, dt:
+ fR, cos S, — P, cos S,
- on the surface of the second pulley
T,cosg, +T,cosp, —R, cos B,
p,Fods, (6 —x3 )= 2 P2 13 B0 7 P2 g
F fR,sin B, ¥ P, sin 3, '

T,singp, —T,singp, £R,sin g, —) -
p2F,ds, (y; - y;):[ sz Pe o 51 /2 jdt '
— fR, cos g, + P, cos 3,
- Ha on the surface of the third pulley
(Tl cosg, —T,cos¢, + R, COS /3, +jdt

Fds,\x; — X/ )=
paFss 06 =) + fR;sin B, — P, sin 3,

T,sin @, +T,sin @, — R, sin S, +jdt .

F,ds,(y; - y; )=
paFsds (v =) [+ fR, cos 3, — P, c0s /3,

where the upper signs are taken when the force R, is
directed, as shown in Fig. 3 (a), and the lower ones in

Fig. 3 (6), ,812%—91, B = 6, ﬁ3:%_03'

Ty

Figure 4. The scheme of the forces acting on the

surface of the third pulley
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The Riemann integrals have the form:

U =38, Uy = —8&, U =3a:&;.
The equations of the law of conservation of momentum are
reduced to the form:

pOOFOO‘ul‘
———— = —(-U,Cc08¢, —U, COS@,)=—T,COS@, —
Q+ep)te) ? R
—T,cos¢p, + R, (cos B, — fsin B)+ P,sin 5,
p00F00|u1| . . .
———(-Uu,Sin @, —U, sin =-T,sin @, —
(1+€001)(1+81)( 1 wl 2 ¢2) 1 wl
-T,sinp, + R, (sin g, + f cos ;) — P, cos f;
pooFoo|u2|
——— = (u,co8¢p, +U,C0Sp, )=T,COS, +
(1+8002)(1+6‘2)( 2 @, U 903) 2 P, ,
+T,cosp, —R, (cos g, = fsin 5,)F P,sin 3,
pooFoo|u2| . . .
——=—(u,singe, —U,sIn =T,sing, —
1+ 8002)(1+€2)( 29N @, —U, (03) 29N @, 1
—T,sin g, — R, (¥sin g, + f cos B,) + P, cos f3,
PooFoo‘us‘
———— (-u,cos, +U,Cc0s¢, )=T, COSp, —
(1+€003)(1+83)( 3 @3+ U, (!’1) 1 COS @,

—-T,co8¢p, — R, (—cos S, — f sin B,)— P,sin f3,

Poo l:oo|ua|
1+ &405) A+ &5)

+T,sin @, — R, (sin S, — f cos f,) — P, COS f3,

(uysin @, +u,sin @, )=T,sin @, +

or
&1
L+ &50) L+ &)

=£,C0S@, +&,C08¢p, — R, — P,sin B,

(¢,C08¢ —£,C059,) =

Y

#(81 sin Y —&, sin ¢2)=
L+ &5)A+ &) ,

=g sin g, +&,5inp, —R 1, + P, cos 3,

)

&
(L+&40) A+ £,)

=¢,C08Q, +&,C08Q, —R,n,, F P,sin S,

(—&,C080, +£,C080;)=

)

£ (—&,8in @, —&;sin @, )=
L+ &40) L+ &,) )

= &,5in @, —&,5iN @, —R,7,, + P, C0S f3,

(4)

&3
L+ £0p3) L+ &5)

=£,C0S¢; — &, COSy — Ry775 — Py sin f3,

(—&,c080, +& COs@, )=

(9

&3
L+ £gpa) L+ &5)

£,5in @, + &,5in @, —R,7n,, — P, C0s S,

(,8IN @, + &N, )=

. (6)
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where
R o N

= 2
PooFoo ,

_ R
PooFooag ,

O

i ::L 2, 31
m,=fcosp —sinp m,=fsinp +cosp,
N,y =Cospf, £ fsinpB, n,=sinp,¥ fcosp,

My, =—C0Sf, — fsin B, n,,=sinf,— fcosp,.
Equations (1) + (6) can be reduced to the form

- &,&,5N(@, —@,) . 5
=—g,SIN(@, —@,)—R A, —
(Ut o)t &,) ,Sin(g, —9,)—R A, ’

- |31 COS(¢1 - ﬂl)

2 -
—& sin(p, —p,) . A
=—g sin(p, —p,) —RA, -
1+ 8001)(1+ 51) L Sin(o, — @) Ao ’

- FA)l sin(p, — B,)

£38, SIN(@, + ¢3)
(L+&0)A+55,)

+ F32 cos(p, £ f3,)

- <£'22 sin( g, +¢;)
A+ &40,)A+ 5,)

+ P, cos(p, £ f3,)

&8, 5IN(p; + @) . A
=g Ssin + -R -
(1+ 5003)(1+ 53) 1 (¢3 q)l) 3131 ’

~ P, cos(p, — f3,)

2 .
“esin(p,te) A

=—g,sin(@, + @) — R, A, +
(1+8003)(1+83) 3 (¢3 ¢l) 31'32 ’

+P,cos(p, + ;)

=¢&;8IN(@, + ;) — |§2/121 +

=&, sin(p, + ;) — Iizlzz +

where

Ay =mn,8IN @, —1,,COS8 ¢, ’ Ay, =1ny,SIN @, —17,,COS @, ,

Ay =17,,5IN @, — 11,0080, Ayy =11,,5IN @y + 122C0S Qs

Ay =115,8IN @y + 752C0SPs Agp = 115,510 ¢ = 17;,COS

Excluding unknown reactive forces, we obtain

6 _Sinlpi =) _
A1 5in(p, — ,)

A COS((Dz - ﬂ1)
* A, sin(p, — ;)

—% 4 +1[+
Ay | @+ &)+ &)

" { 4 —1} +
Ao | A+ &)L+ &)

1} -P, =

A1 8IN(@, + @)

:|_ 5 cos(p;tp,)
2 -
A2 SIN(@, + 93)

&

&3 _ cos(p, + ;)
Ao | A+ £902) A+ &)

_—& |: &, +
Aoy | L+ &00) L+ &)
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& |: &3 1:| +P cos(p; — ;) _ — Aoa¥s + Aopdapéy n Apts + Aoy 16 |:1+ 2y, + 2711‘91)} _

Jay | @+ £005) L+ 55) P Asin(p, + @) Vss Ay (L+22,) Ay (L+25,)
_" % &3 _1l-p cos(p, + Bs) :y{l—}- Vit Yué }
Azo | L+ €405) L+ &5) : As, Sin(@; + @) AL+ 2¢,)
Substituting €5, =0, &40, =0, &pz=0 we will 0Of
have , ,
ﬁ AL +4e + 48] )(=Apys + Applds) +
Ao, (L+ 28)) + Ay = L+ 1) sin(g, — ,) % , + (V3shdors + Ao1V117 5381 ) (Ayp + 23,8, +
x [_ A4, €08(p, — fB,) + Ay, cos(, — ﬂl)] +oyt 271181) -

= (A2 sz + 2205027 3561) iy + 20,8, + 1 + 11481) -

A

— Appbs + A&, L+ 28,) =1+ 6,) ——2——x
2263 + 42165 2)=( z)sin((/)2 o) From here

x [A, COS(@, + f3,) — Ay COS(0, £ B,)] ~ X aa¥a + Aazhpahasts = dAr Ao 581 +
+ 4],122122132512 - 4112212273512 + 4}'122]'22432‘913 +
+ (A + 211V sshor + (Ao +271) V11V 35hnEr +

A

Ay, + Agy, = (L4 6,)——3— x
ik e “ sin( Q3+ (01) : +2(Ay, + 71) 71V 35h0161 + 2( Ay, + 711)711733/121512 =
X [2'31 cos(p, + ﬂs) + g, COS((/)3 - ﬂs)] = (A, + 7/1)72733/112512 +2(A, +71) Aol 2V 356 +
_ _ + (2, + 711) 727 3528 + (2, +7/11)7’27/33/112‘912
We introduce the notation or
7= i[ 24,€08(p, - ) + 4,€08(, — )] byes +b,e5 + b+, =0,
sin(¢, — where
A 2
V2 = W[ﬁzz COS(% * ﬂz) /121COS(¢73 * ﬂz)]’ b3 = 4&2122/132 !
2
(Ao +710) 711400 —
J2 b, =44%,2,,(As, —75) + 2y [
2= Sln((o [ﬂmCOS((pl * ﬁ3) + 132 COS((p3 ﬁ3)] i ae : # - (2112 + 7/11)72/112
3 1 a2 _
Substituting these notations, the equations under by = 4545, (Agy, —473) + (Ao + 11) V117 330, +
consideration can be reduced to the form +2(A, + 717173501 = 2 A1, + 1172V 35 —
- (24, + 711)72733/112 ,
Aoty (L4 28) + Ay = L+ &), () b, = —3122}227/3 — (Ao +7) 72V a5ho-
Let us now consider the motion of an inextensible belt.
= dorts + 2018, (14 26,) = (L+ £,)7, (8) In this case, the equations of the law of conservation of
momentum have the form
- T T
232‘91 + 131‘93 (1+ 53)73 . 9) p01F01d501(X51_X52):( 01C08 ¢~ 1y COS-(ooz + ]dt
+ Ry, €08 iy = TRy, Sin Sy + Py €08 By

From the equations (7) and (9) we find
—To1SIN @4, = Tg, SIN @5, + Jdt :
(1+ ‘91)7/1 — ﬂllg)) 7/1 + ]/1181 + R015in ﬂ01+ meCOSﬁm - P015in :801

£y = = ,
T,,C08¢,, + Ty, COS @y, —
A, (1+2¢) A, 1+ 2¢) Loy (0, = X3s)=| Pootlos BPs™ it
=Ry, €08 By, F TRy, 8iN Sy, F Ry, sin By,

p01F01d501(ya1 - y52)= [

_ Vs~ At
T V33 ’ Poz Fozdsoz(yaz - YS3)=
where _ (Tozsin ©5, —To38iN @y, £ Ry, siN 3, _Jdt
- fRoz Cosﬂoz + Poz Cosﬂoz

w=A=7 Tu=n—
Then, taking into account the last expressions, the
equation of the system under consideration takes the
form
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po3F03dsos(X(;3 - X(;l):
_ (Tm COS @y, — T3 COS g5 + Ry3 €OS Sy +jdt

+ fRo3Sin ﬁos - P03Sin 1803
posFostoa(yga - yr;l):
_ (Tmsm ®o1+ To3SIN @3 — RyaSiN By +Jdt
+ fRos Cos ﬁos - Pos Cos ﬂos
or
Ty,COS @y, + Ty, COS @y, — Rypys = A (10)
ToaSin @y + T, SN @, — Ry, = A, (11)
To2COS @y, + T30S Py — Ry, = By (12)
To2SiN @y, = To5SIN @3 — R, = B, (13)
T91COS @51 — T3 COS 53 — Ryat73, = Cy (14)
To18IN @y, + T38IN @5 — Rya7s, = C,, (15)

where
A = pooFodo,(COS @y, + COS@, ) — Py, COS .,
A, = PooFoouZ(sin ¢, +sin @, ) — Py, sin 43,
B, = pooFoui(cos g, + cosg,,)F Pysin 4,
B, = pooFooul(sin ¢, +sin @, ) — P, COS 3,
= PooFocul(COs @, —COS @y, )+ Pogsin £,

= Poo oouo( in ¢y, +sin ¢03)+ Fos COS fys
Coefﬂuents n; are retained in the same form, where

ij=123.

Eliminating the unknown reactive forces, we represent
the equations (10) + (15) in the form

T01(7712 COS @y —17;, SN (001)"'
+T02(7712 COS ¢, —17;, SIN (/’02): A, — Ay

T02(7722 COS @y, — 17,5 (002)"'
+T03(7722 COS @5 + 17, SIN ¢03): Bi77,, — 827721’
T01(7732 COS ¢, — 173, SIN (‘701)_
_T03(7732 COS g3 + 173, SIN (003) =Cy3, — C27731.

From here
Toaony + Top0y = A, Topty; + Tosary, = B,
Toa0tay + Tos03, = C, (16)

where
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Q1 = 171, COSPoy — 77, SIN @y,

Uy = 112C08 Pop =113 8IN @y, A= Arpy — Aty
Oy = 175, COS P, = 17,,5IN @y,

Oy = 115, C0S P + 17,1 8IN o5, B = By, — By,
C31 = 173, COS Py — 175, SIN @y,

Qlzp = —115, COS Pz — 173,8IN @3, C = Cyrpy, = Corpyy .-

Equations (16) have a solution
(=Bay, + Cayy)an, + Aayas,

Tor =
Oy 09 Ay + Oy 055003
T, = Aazay, —Cayiy, + Bayyas, ,
O 10510035 + Oy 055003
T,=— Aoy, + Cayy0ty, + Bayyay, _

Q30 | Oyy + Oy 003

Unknown reactive forces are determined from equations
(10) + (15)
R, = T, sin (%2 - ?01)_ A sin @y, + A, COS @y, ,
1SN @o; — 77, COS Py,
R,, = T, SN ((/’03 + (/"02)_ B, sin g5 — B, COs ¢y, ,
172151 o3 + 775, COS Py
Ry, = To: Sin (¢, + %3)"‘ C,sin g5, —C, cos gy, _
—1751.5IN @y + 775, COS @y

The conditions for the balance of the belt are obtained
from the equation of the law of conservation of
momentum:

—T001€0S P01 — T2 COS Py, + Ry1 SIN Bygy —
— f¢0s By, = —Pyp; COS By

—T001SIN @3 — T2 SIN P05 + Ry, COS Boy +
+ fsin By, = PogsSin B,

—T502COS P05 — T3 COS P53+ Ryg, COS B, +
+ fsin ﬁooz = Poozsin 13002

To0281N @0, = Tog3SIN Pg3 £ Ry, SIN Byg, —
— f€0s S5, =—PFy0,C0S Sy

To01€0S @01~ T03COS P53 + Ryg3 €OS Bygs +
+ f5in Bog; = FySin Soos

To01SIN @01+ Tog3SIN Ppgs —
+ f Cosﬁoos = Pooscosﬁom

RoosSIN fogs +
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Excluding unknown reactive forces, we find
Too1(772 COS P01 — 1711 81N P1) +

. , (A7)
+ To02 (1712 COS @5, — 711 SIN P0,) =M
T002(7722 COS 5, =175, SIN (0002)"' (18)
+ T003(7722 COS @5 + 775, SIN (Poos) =N
T001(7732 COS @9, — 175, SIN (0001)_ (19

_T003(7732 COS g3+ 773, SIN (0003) =K
where
M, = —Pyy;Sin Sooy,
N, = FPFy02Sin Byoz:
Ky = PoosSin Sogs,
M =My, =My, N =Ny, =Ny,
K=K, —K,ns,.

M, = —PF);C0S By
N, = —F50,€0S By,
Kz = Pooscosﬂoo:s’

Equations (16) and (17) + (19) can be represented in the
form
Toots + Toosti, = My Togaltyy + Toostt, = N,
Toos1 + Toos23, = K, (20)

where
Gy = 171, COS Py = 1711 SIN Poo1,
Oy, = 13, COS Py, — 171,81 Py,
Cy1 = 175, COS P = 17,151 Py,
Oy = 1755 COS P + 1751 SN Pyg5,
Ot31 = 1735 COS Pooy — 173, SIN @y,

O3y = 113, COS P53 — 173, SIN Py5.

Equations (20) have a solution
_ (=Nay, + Kayy)ay, + Moy,

Toor = '
0101003, + O p05 500
T - (Ma,, — Kayy)a,, + Nayyas,
002 = '
O 1051003y + O 050y
T _Z Maya,, + Koo, + Nag o,
003 = .

0350010 + Q05500
Unknown reactive forces are determined from equations
a7) + (29):
Ryo; = Top18iN ((Pooz - (P_om)_ M, Sin @44, + M, COS gy, ,
1SN @05 — 72 COS Py,
Ryop = TopSiN (%03 + ?002)_ N, Sin @505 — N, COS @40 ,
77215IN Pog3 + 7722 COS Pz
Ryos = ToosSiN (%03 + @_)01) + K, 8in @0, — K, COS @y _
~11315N Poo1 + 7732 COS P

IV. CONCLUSIONS

The obtained analytical solutions can be used:

[1].

[2].

[3].

[4].

[5].

[6].

When adjusting and assembling the mechanisms of
belt drives of machines;

When designing new and upgrading existing
transmission mechanisms;

When predicting the causes of various inaccuracies
and deficiencies in the work of the belt transmission
mechanism and developing measures to eliminate
them;

for comparison and evaluation of the results of
approximate solutions of various dynamic problems
of mechanisms with flexible connections in a more
general setting (belt drives, belt conveyors, hoisting
mechanisms of hoisting devices, etc.), taking into
account the real physical and mechanical properties
of their material, effects on the transmission
mechanism.
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