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ABSTRACT

In this paper we introduce n-power hypo-normal operator of order-n, n-power quasi-normal operator of order-

n, quasi parahyponormal operator of order-n on a Hilbert space H. we give some properties of these operators.
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I. INTRODUCTION

SECTION 1.0

Let B(H) denotes the algebra of all bounded

linear operators acting on a complex Hilbert space H.
An operator TeB(H) is said to be self adjoint if T* =T,
isometry if T*T =1 .The operator Te B(H) is called
normal if TT* =T*T, Quasinormal if, T(T*T) =
(T*T)T.An operator T on H is called hyponormal if
TT* <T'T.

SECTION 2.0
In this section we introduce n-power quasi-normal
operator of order-n.
Definition:2.1 n-power Quasi-normal operator of
order-n
An operator T is called n-power Quasi-normal operator
of order-n if,
T™(T*"T) = (T*"T)T"

Theorem: 2.2
Let Ty, T,, ... T, be n-power quasi-normal operators of
order-n in B(H).Then the direct sum (T, @ T, D ... D
Ti) and tensor product (T; ®T,® ... ®T}) are n-power
quasi-normal operators of order-n.
Proof:
From the definition of n-power quasi-normal operators
of order-n,we have

T(T*™T) = (T*"T)T"
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e, .8T)' (MO .8 T)™(TL &
T,®.0T)] = (,"OT,"® ..o T, H[(T," D
L"® ... O™ (1 ®T,® .0 Ty)]

= (T"®T," D ... DT, H[(T,"T, ®T,"T, ®
e ® T

=TT, T) @ T, (T T,) @ ... @ Ty (T "' Ty.)
Since, Ty, T, ... Tj, be n-power quasi-normal operator of
order-n,then

=(T,"TOT," @ (T, T)T," @ ... ® (T " T T
(T,""DL"® .07, )T, ®T, D .0
TOIT" DT, D ... DT,

(T, ®.OT)"(T1 BT, D .. & Ty)]
ST, ® .8 T)"

Also

(18T, ... T ) [(T1 TR ... Ty ™ (T1 RT,® ... QT

=(T,"QT,"® ... T, H[(T,""QT,"'® .... ®T},'™)
(T,®T2Q ... ®T)]
=(T,"®T,"® ....QT,")
(T, T, ®T, T, ® ... @Ty ™ Ty
=T," (T, " T)®T," (T, T2)® .. ®Ty " (T, " Ty.)
Since, Ty, T,, ... Ty, be n-power quasi-normal operator of
order-n,then
=(Ty " T)T"Q(T, " T)T,"® ... (T, " T ) Ty
(T, ®T,"® ....QT, ™) (T,QT,® ... ®T,)]
(T,"QT,"® ....®T,™)

[(T1®T,® ... ®Ti) (11 T2 ® ... ®Ty.)]

(T1®T,® ... QT;,)"
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Section 3.0:
In this section we introduce n-power Hypo-normal
operator of order-n.
Definition: 3.1 n-power Hypo-normal operator of
order-n
An operator T is called n-power Hypo-normal
operator of order-n if,
T'T" > T"T™
Theorem 3.2:
If S&T are doubly commuting n-power hypo-normal
operators of order -n and ST*=T*S,then ST is an n-
power hypo-normal operator of order-n.
Proof:
Since ST=TS
= S"T" = (ST)"and ST* =T"S
= ST =T"S"
=T"S]

= TS"
=S'T
= T"S*
=S5'T"
We have, (ST)"*(ST)" = T*™'S*"S"T"
=T*TLSTL5*TITTI
=St TS
S SnTnT*nS*n
Hence, (ST)™(ST)" < (ST)™(ST)™
Then ST is an n-power hypo-normal operator of
order-n.
Section 4.0:
In this section we introduce parahyponormal operator
of order-n.
Definition: 4.1 Parahyponormal operator of order-n
An operator TeB(H) is said to be parahyponormal
operator of order-n ,if
ITx|? < [ITT*"x||
Theorem:4.2
If S,TeB(H) are doubly commuting parahyponormal
operators of order-n and ST =TS then ST is
parahyponormal operator of order-n.
Proof:
ST™ = (ST)" [« ST =TS]
ST*N = T*ng SNT*N = T*ngN [+ ST* = T*S]
Now, ST** = T*"S
We have to prove,(TT*")? — 2A(T*"*T) + 12 = 0
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= ((ST)(ST)*™)? — 2A((ST)*™(ST)) + 12 = 0
= ((ST)(T™S*™))2 — 2A((T*S*™)(ST)) +
PI=0
= (T™T)(SS™))? = 2A4((T™"T)(S™"S)) +
A1=0
=SS =[,8"S =1
= (TT*™)? — 2A(T*"T) + 12 > 0.
Hence,ST is parahyponormal operator of order-n.

Theorem:4.3
If a parahyponormal operator of order-n doubly
commutes with a hyponormal operator S,then
product TS is parahyponormal operator of order-n.
Proof:
Let E(t) be the resolution of the identity for the self-
adjoint operator S*S.
Thus T*"T and T*?"T? both doubly commute with
every E(t).
Since S is hyponormal.we have,
SMS > S5
[(TS)?(T*"S*™)2]% — 2A[TS(TS)*"] + A2
= [T2S2(S*2nT*2™)]? — 2A[TS(S™T*™)] + A2
= [(T"2"T?)(S™2"$%)]? — 2AL(T™T)(S™™S)] +

AZ
> [(T2"T2)(S S )]2 = 22[(TT)(S™S)] +
/12
= (T*2"T2)2 — 2A[(T*™T)( S*"S)] + A2
[ S*nS — I]
> 0.

Thus T is parahyponormal operator of order-n.

Section 5.0:
In this section we introduce quasi parahyponormal
operator of order-n.
Definition: 4.1 Quasi-Parahyponormal operator of
order-n

An operator TeB(H) is said to be quasi
parahyponormal operator of order-n ,if

ITT*"x||? < IT?T** x|
Theorem 5.2:
Let TeB(H) be a quasi parahyponormal operator of
order-n.If T commutes with isometric operator S then
TS is quasi parahyponormal operator of order-n.
Proof:
Let A=TS for all real number A.
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(A2A2™)2 + 2A(AA™)2 + 22 > 0.
[(TS)?(TS)**™)2 4 2A[(TS)(TS)*"]? + 12 > 0.

[(T?52)(S*2"T*2™)]2 + 2A[(TS)(S*T*™)]? + A2 = 0.
[ TS = ST
$*S=1

[(S2T?)(S*T*2™)]2 + 2A[(ST)(S "T*™)]? + A2 = 0.
(T?T*?™)2 + 2U(TT*™)% + A2 = 0.

Therefore,A is quasi parahyponormal operator of
order-n.

Theorem 5.3:

If a quasi parahyponormal operator of order-n T
. . . T. .
commutes with an isometric operator S then 5 s quasi

parahyponormal operator of order-n.
Proof:

Let A=Z,
s

We have for any real number A.
(A2A*2)2 + 22(AA™)2 + 22 > 0.

2 *2 *
[(Z) (Z) 4 zz[(z) (Z) ez
S/ \§ S/\S -
[(T2S~2)(T*2"S™*2M)])2 + 2A[TS~)(T*"S™™)]* +
221 = 0.
[... TZSZ — SZTZ
and S5 =[5 =[]
[(ST2T2)(S™2MT*2M)]2 + 22[(S ' T) (™" T"™)]?
+ 2212 0.
(T?T**™)2 + 2A4(TT*™)? + 2%1 = 0.

A is quasi parahyponormal of order-n.
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