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ABSTRACT

Inthispaper,unionofFuzzysubsets,definitionofFuzzynormalsubgroup,definitionofFuzzynormal

subbi-group,definitionofFuzzynormalsubtri-group,definitionofFuzzynormalsub-Quadraticgroup,

definitionoffuzzynormalsub-Pentantgroupand definitionofFuzzynormalsub–Ngrouparederived.

Moreover,somepropertiesandtheoremsofunioninfuzzynormalbasedonthesehavebeenderived.

Keywords-UnionofFuzzysubsets,FuzzyNormalsubgroup,FuzzyNormalsub-bigroup,FuzzyNormal

sub-trigroup,FuzzyNormalsub–Quadraticgroup,FuzzyNormal

sub-PendantgroupandFuzzyNormalsub–Ngroup.

I. INTRODUCTION

TheconceptoffuzzysetswasinitiatedbyZadeh.

Thenithasbecomeavigorousareaofresearchin

engineering, medical science, social science,

graphtheoryetc.Rosenfeldgavetheideaoffuzzy

subgroupsSincethepaperfuzzysettheoryhas

been considerablydeveloped byzadeh himself

and someresearchers.Theoriginalconceptof

fuzzysets was introduced as an extension of

crisps(usual)sets,byenlargingthetruthvalueset

of“gradeofmembers”from thetwovalueset{0,1}

tounitinterval{0,1}ofrealnumbers.Thestudyof

fuzzygroup was started byRosenfeld.Itwas

extended byRoventa who have introduced the

fuzzygroupsoperatingonfuzzysets.Rosenfield

introducedthenotionoffuzzygroupandshowed

thatmanygrouptheoryresultscanbeextendedin

anelementarymannertodevelopthetheoryof

fuzzygroup.Theunderlyinglogicofthetheoryof

fuzzygroupistoprovideastrictfuzzyalgebraic

structurewherelevelsubsetofafuzzygroupofa

groupGisasubgroupofthegroup.

The notion ofbigroup was firstintroduced by

P.L.Maggu in 1994. W.B.Vasanthakandasamy

introducedfuzzysub-bigroupwithrespectto+‟

and .‟and illustrate it with example.

W.B.Vasanthakandasamy was the firstone to

introducethenotionofbigroupsintheyear1994.

II.PRELIMINARIES

Inthissectioncontain somedefinitions,examples

andsomeresults.

2.1.ConceptofaFuzzyset:

Theconceptofafuzzysetisanextensionofthe

conceptofacrispset. Justasa crispsetona

universalsetU is defined byits characteristic

functionfrom Uto{0,1},afuzzysetonadomainU

is defined by its membership function from

Uto[0,1].

LetU be a non-empty set,to be called the

Universalset(or)Universeofdiscourseorsimply

adomain.Then,byafuzzysetofUismeanta

function A:U→[0,1].

Aiscalledthemembershipfunction;
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A(x)iscalledthemembershipgradeofxinA.

Wealsowrite

A={(x,A(x)):x∈U}.

Examples:

ConsiderU={a ,b ,c ,d}and A:U→1 defined by

A(a)=0,A(b)=0.7,A(c)=0.4,and A(d)=1.Then A is a

fuzzysetcanalsobewrittenasfollows:

A={(a,0),(b,0.7),(c,0.4),(d,1)}.

2.2.RelationbetweenFuzzysets:

LetUbeadomainandA,BbefuzzysetsonU.

Inclusion (or) Containment:A is said to be

included(or)containedinBifandonlyifA(x)≤B(x)

forallxinU.Insymbols,wewrite,A⊆B.Wealso

saythatAisasubsetofB.

2.3Definition

LetSbeaset.AfuzzysubsetAofSisafunction

A:S→ [0,1].

2.4.DefinitionofUnionofFuzzysets:

Theunionoftwofuzzysubsets , isdefinedbyμ
1
μ
2 

( ∪ )(x)=max{ (x),(x)}foreveryxinU.μ
1

μ
2

μ
1

μ
2

2.5.DefinitionofFuzzySubgroup:

LetGbeagroup. AfuzzysubsetμofagroupGis

calledafuzzysubgroupofthegroupGif

i)μ(xy)≥min{μ(x),μ(y)}foreveryx,y∈G.And

ii)μ( )=μ(x)foreveryx∈G.x
-1

2.6.DefinitionofFuzzyUnionofthefuzzysets

and :μ
1

μ
2

Let beafuzzysubsetofaset and beafuzzyμ
1

x
1

μ
2

subsetofaset ,thenthefuzzyunionofthex
2

fuzzysets and isdefinedasafunction.μ
1

μ
2

∪ : ∪ → givenbyμ
1

μ
2
x
1

x
2
[0,1]

( ∪ )(x)= max( (x),(x))ifx∈ ∩μ
1

μ
2

μ
1

μ
2

x
1

x
2.

(x) ifx∈ &x∉μ
1

x
1

x
2.

(x)ifx∈ &x∉μ
2

x
2

x
1.

2.7.DefinitionofFuzzynormalsubgroup

(Anti-Fuzzy):

LetGbeaGroup.AfuzzysubgroupofagroupG
iscalledaFuzzy(Anti-Fuzzy)normalsubgroupof
G.
ifforallx,yG,

(xyx-1)=(y)
(or)

(xy)=(yx).

2.10.DefinitionofFuzzyNormalSub-bigroupof

thebigroupG (Anti-Fuzzy):

Let(G,+,.)beabigroupwithtwobinary

operations+(addition),.(multiplications).Then

μ:G→ [0,1]issaidtobeafuzzy(Anti-Fuzzy)

normalsub-bigroupofthebigroupG under+,.,

operationsdefinedonG.ifthereexiststwoproper

fuzzysubsets of and of suchthatμ
1

G
1

μ
2

G
2

(i) ( ,+)isafuzzysubgroupof( ,+)μ
1

G
1

(ii) ( ,.)isafuzzysubgroupof( ,.)μ
2

G
2

(iii) μ=(  ).μ
1
μ
2

(iv) ifforallx,yG,(xy)=(yx).

(v) ifforallx,yG,(xy)=(yx).

2.11.DefinitionofFuzzyNormalSub-trigroupof

thetrigroupG(Anti-Fuzzy):

Let(G,+ ,.,*)bea trigroup withthreebinary

operations +(addition),.(multiplications),*

(ab/2).Thenμ:G→ [0,1]issaidtobea fuzzy

(Anti-Fuzzy)normalsub-trigroupofthetrigroup

G under,+,.,*operationsdefinedonG.ifthere

existsthreeproperfuzzysubsets of andμ
1

G
1

of , of suchthatμ
2

G
2
μ
3

G
3

(i) ( ,+)isafuzzysubgroupof( ,+)μ
1

G
1

(ii) ( ,.)isafuzzysubgroupof( ,.)μ
2

G
2

(iii) ( ,*)isafuzzysubgroupof( ,*)μ
3

G
3
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(iv) μ=(   ).μ
1
μ
2
μ
3

(v) ifforallx,yG,(xy)=(yx).

(vi) ifforallx,yG,(xy)=(yx).

(vii) ifforallx,yG,(xy)=(yx).

2.18.DefinitionofFuzzyNormalSub-quadratic

groupoftheQuadraticgroupG

(Anti-Fuzzy):

Let(G,+,.,*,**)beaQuadraticgroupwithFour

binaryoperations+(addition), .

(multiplications),*,**.Thenμ:G→ [0,1]issaid

tobeafuzzynormal(Anti-Fuzzy)sub-quadratic

groupoftheQuadraticgroupG under,+,.,*,**

operationsdefinedonG.ifthereexistsfourproper

fuzzysubsets of and of ,μ
1

G
1

μ
2

G
2

of , of suchthatμ
3

G
3
μ
4

G
4

(i) ( ,+)isafuzzysubgroupof( ,+)μ
1

G
1

(ii) ( ,.)isafuzzysubgroupof( ,.)μ
2

G
2

(iii) ( ,*)isafuzzysubgroupof( ,*)μ
3

G
3

(iv) ( ,**)isafuzzysubgroupof( ,**)μ
4

G
4

(v) μ=(    ).μ
1
μ
2
μ
3
μ
4

(vi) ifforallx,yG,(xy)=(yx).

(vii) ifforallx,yG,(xy)=(yx).

(viii) ifforallx,yG,(xy)=(yx).

(ix) ifforallx,yG,(xy)=(yx).

T

2.19.DefinitionofFuzzyNormalSub-pentant

groupofthepentantgroupG

(Anti-Fuzzy):

Let(G,+,.,*,**,***)bea Pentantgroupwith Five

binary operations + (addition),

(multiplications),*,**,***.Thenμ:G→ [0,1]is

saidtobeafuzzynormal(Anti-Fuzzy)

sub-pentantgroupofthePentantgroupG under

,+,.,*,**,***,operationsdefinedonG.ifthereexists

fiveproperfuzzysubsets of andμ
1

G
1

of , of , of , of suchthatμ
2

G
2
μ
3

G
3
μ
4

G
4
μ
5

G
5

(i) ( ,+)isafuzzysubgroupof( ,+)μ
1

G
1

(ii) ( ,.)isafuzzysubgroupof( ,.)μ
2

G
2

(iii) ( ,*)isafuzzysubgroupof( ,*)μ
3

G
3

(iv) ( ,**)isafuzzysubgroupof( ,**)μ
4

G
4

(v) ( ,***)isafuzzysubgroupof( ,***)μ
5

G
5

(vi) μ=(     ).μ
1
μ
2
μ
3
μ
4
μ
5

(vii) ifforallx,yG,(xy)=(yx).

(viii) ifforallx,yG,(xy)=(yx).

(ix) ifforallx,yG,(xy)=(yx).

(x) ifforallx,yG,(xy)=(yx).

(xi) ifforallx,yG,(xy)=(yx).

2.20.DefinitionofFuzzyNormalSub-ngroupof

thengroupG(Anti-Fuzzy):

Let(G,+,.,*,**,***,….,(n-2)*)bea ngroupwith n

binaryoperations+(addition),.(multiplications),

*,**,***,….,(n-2)*.

Thenμ:G→ [0,1]issaidtobea fuzzy

(Anti-Fuzzy) normalsub–"n"groupofthe n

groupG under,+,.,*,**,***,,….,(n-2)*operations

defined on G.ifthere exists n properfuzzy

subsets of and of ,μ
1

G
1

μ
2

G
2

of , of , of ……., of suchthatμ
3

G
3
μ
4

G
4
μ
5

G
5

μn Gn

(i) ( ,+)isafuzzysubgroupof( ,+)μ
1

G
1

(ii) ( ,.)isafuzzysubgroupof( ,.)μ
2

G
2

(iii) ( ,*)isafuzzysubgroupof( ,*)μ
3

G
3

(iv) ( ,**)isafuzzysubgroupof( ,**)μ
4

G
4

(v) ( ,***)isafuzzysubgroupof( ,***)μ
5

G
5

(vi) ………………………………………….

(vii) ( ,(n-2)*)isafuzzysubgroupof( ,(n-2)*)μn Gn

(viii) μ=(     …. .).μ
1
μ
2
μ
3
μ
4
μ
5

μn

(ix) ifforallx,yG,(xy)=(yx).

(x) ifforallx,yG,(xy)=(yx).
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(xi) ifforallx,yG,(xy)=(yx).

(xii) ifforallx,yG,(xy)=(yx).

(xiii) ifforallx,yG,(xy)=(yx).

(xiv) ……………………………………....

(xv) ……………………………………….

(xvi) ifforallx,yG,n(xy)=n(yx).

(xvii) ifforallx,yG,n(xy)=n(yx).

III.THEOREMS

3.1.MainTheorem:

Every Fuzzy(Anti-Fuzzy)NormalSub–bigroup

ofagroupG isaFuzzy(Anti-Fuzzy)Normal

SubgroupofthegroupGbutnotconversely.

proof:

Itfollowsfrom the definition ofa fuzzy(Anti-

Fuzzy)normalsub– bigroupofa groupG that

every fuzzy(Anti-Fuzzy)normalsub–bigroupof

a groupG isafuzzy (Anti-Fuzzy) normal

subgroupofthegroup G .Conversepartisnot

true.

3.2.MainTheorem:

Every Fuzzy(Anti-Fuzzy)NormalSub–Trigroup

ofagroup G is a Fuzzy(Anti-Fuzzy)Normal

SubgroupofthegroupGbutnotconversely.

proof:

Itfollowsfrom the definition ofa fuzzy(Anti-

Fuzzy) normalsub– trigroupofa groupG that

every fuzzy(Anti-Fuzzy) normalsub–trigroup

ofa groupG isafuzzy (Anti-Fuzzy)normal

subgroupofthegroup G .Conversepartisnot

true.

3.3.MainTheorem:

Every Fuzzy (Anti-Fuzzy ) NormalSub –

Quadraticgroup ofagroup G is a (Anti-Fuzzy)

FuzzyNormalSubgroup ofthe groupGbutnot

conversely

proof:

Itfollowsfrom thedefinitionofafuzzy

(Anti-Fuzzy) normalsub– Quadraticgroupofa

groupG thatevery fuzzy(Anti-Fuzzy)normal

sub–Quadraticgroupofa groupG isafuzzy

(Anti-Fuzzy) normalsubgroupofthegroup G.

Conversepartisnottrue.

3.4.MainTheorem:

Every Fuzzy(Anti-Fuzzy)NormalSub–Pentant

group ofagroup G is a (Anti-Fuzzy)Fuzzy

NormalSubgroup of the group G butnot

conversely

proof:

Itfollowsfrom thedefinitionofafuzzy

(Anti-Fuzzy) normalsub– pentantgroupofa

groupG thatevery fuzzy(Anti-Fuzzy)normal

sub–pentantgroupofagroupG isafuzzy

(Anti-Fuzzy) normalsubgroupofthegroup G.

Conversepartisnottrue.

3.5.MainTheorem:

Every Fuzzy(Anti-Fuzzy)NormalSub–Ngroup

ofagroup G is a Fuzzy(Anti-Fuzzy)Normal

SubgroupofthegroupGbutnotconversely.

proof:

Itfollowsfrom thedefinitionofafuzzy

(Anti-Fuzzy)normalsub– NgroupofagroupG

thatevery fuzzy(Anti-Fuzzy)normal

sub–N groupofagroupG isafuzzy

(Anti-Fuzzy)normalsubgroupofthegroup G.

Conversepartisnottrue.
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3.6.Maintheorem :

Theunionoftwofuzzy(Anti-Fuzzy)normalsubgroupsofagroupGisafuzzy(Anti-Fuzzy)normal

subgroupifandonlyifoneiscontainedintheother.

Proof:

Necessarypart:

Let and be twofuzzy(Anti-Fuzzy)normalsubgroupsofGsuchthatoneiscontainedintheμ
1

μ
2

other.

ToProve:

∪ isafuzzy(Anti-Fuzzy)normalsubgroupofG.μ
1

μ
2

⊆ and ⊆ .Letμ
1

μ
2

μ
2

μ
1

Since and arefuzzy(Anti-Fuzzy)normalsubgroupsofG,whichimpliesμ
1

μ
2

ifforallx,yG,

(xy)=(yx) …………………………………………(1).

(xy)=(yx).

Lettheunionoftwofuzzysubsets , isdefinedbyμ
1
μ
2

∪ (xy)=max{ (xy), (xy)} ……….………...(2).μ
1

μ
2

μ
1

μ
2

By(1)and(2),

∪ (xy)=(xy)=(yx)= ∪ (yx)μ
1

μ
2

μ
1

μ
2

Similarly, ∪ (xy)=(xy)=(yx)= ∪ (yx) …………..(3).μ
1

μ
2

μ
1

μ
2

From (3),

→ ∪ (xy)= ∪ (yx).μ
1

μ
2

μ
1

μ
2

∪ isafuzzy(Anti-Fuzzy)normalsubgroupofG.Henceμ
1

μ
2

SufficientPart:

Suppose ∪ isafuzzy(Anti-Fuzzy)normalsubgroupofG.μ
1

μ
2

ToClaim: ⊆ and ⊆ .μ
1

μ
2

μ
2

μ
1

Since ,and arefuzzy(Anti-Fuzzy)normalsubgroupofGisobviouslyafuzzy(Anti-Fuzzy)μ
1

μ
2

subgroupofGand ∪ isafuzzynormalsubgroupofG.μ
1

μ
2

Byusingthefollowingtheorem:

Theunionoftwofuzzy(Anti-Fuzzy)subgroupsofagroupGisafuzzy(Anti-Fuzzy)subgroupifandonly

ifoneiscontainedintheother.

Whichimplies, ⊆ and ⊆ .μ
1

μ
2

μ
2

μ
1

Hence,Theunionoftwofuzzy(Anti-Fuzzy)normalsubgroupsofagroupGisafuzzy (Anti-

Fuzzy)normalsubgroupifandonlyifoneiscontainedintheother.

Corollary:

Inthis,Maintheorem replace “A”intheplaceofμand“min”intheplaceof“max”forAnti-Fuzzy

Normalrespectively.

3.7.Maintheorem :

Theunionoftwofuzzy(Anti-Fuzzy)normalsub-bigroupsofagroupGisafuzzy (Anti-Fuzzy)

normalsub-bigroupifandonlyifoneiscontainedintheother.

Proof:

Necessarypart:

Let and be twofuzzy(Anti-Fuzzy)normalsub-bigroupsofGsuchthatoneiscontainedintheμ
1

μ
2

other.

ToProve:

∪ isafuzzy(Anti-Fuzzy)normalsub-bigroupofG.μ
1

μ
2

⊆ and ⊆ .Letμ
1

μ
2

μ
2

μ
1
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Since and arefuzzy(Anti-Fuzzy)normalsub-bigroupsofG,whichimpliesμ
1

μ
2

ifforallx,yG,

(xy)=(yx) ……………………………………(1)

(xy)=(yx).

Lettheunionoftwofuzzysubsets , isdefinedbyμ
1
μ
2

∪ (xy)=max{ (xy), (xy)} ……….………...(2)μ
1

μ
2

μ
1

μ
2

By(1)and(2),

∪ (xy)=(xy)=(yx)= ∪ (yx)μ
1

μ
2

μ
1

μ
2

Similarly, ∪ (xy)=(xy)=(yx)= ∪ (yx) …………..(3)μ
1

μ
2

μ
1

μ
2

From (3),

→ ∪ (xy)= ∪ (yx).μ
1

μ
2

μ
1

μ
2

∪ isafuzzy(Anti-Fuzzy)normalsub-bigroupofG.Henceμ
1

μ
2

SufficientPart:

Suppose ∪ isafuzzy(Anti-Fuzzy)normalsub-bigroupofG.μ
1

μ
2

ToClaim: ⊆ and ⊆ .μ
1

μ
2

μ
2

μ
1

Since ,and arefuzzy(Anti-Fuzzy)normalsub-bigroupofGisobviouslyafuzzyμ
1

μ
2

(Anti-Fuzzy)sub-bigroup ofGand ∪ isafuzzy(Anti-Fuzzy)normalsub-bigroupofGisalsoaμ
1

μ
2

fuzzy(Anti-Fuzzy)sub-bigroupofG.

Byusingthefollowingtheorem:

Theunionoftwofuzzy(Anti-Fuzzy)sub-bigroupsofagroupGisafuzzy(Anti-Fuzzy) sub-bigroupif

andonlyifoneiscontainedintheother.

Whichimplies, ⊆ and ⊆ .μ
1

μ
2

μ
2

μ
1

Hence,Theunionoftwofuzzy (Anti-Fuzzy)normalsub-bigroupsofagroupGisafuzzy(Anti-Fuzzy)

normalsub-bigroupifandonlyifoneiscontainedintheother.

Corollary:

Inthis,Maintheorem replace “A”intheplaceofμand“min”intheplaceof“max”forAnti-Fuzzy

Normalrespectively.

3.8.Maintheorem :

Theunionofthreefuzzy(Anti-Fuzzy)normalsub-trigroupsofagroupG isafuzzy (Anti-Fuzzy)

normalsub-trigroupifandonlyifoneiscontainedintheother.

Proof:

Necessarypart:

Let and arethreefuzzy(Anti-Fuzzy) normalsub-trigroupsofG suchthatoneisμ
1
,μ

2
μ
3

containedintheother.

ToProve:

∪ ∪ isafuzzy(Anti-Fuzzy)normalsub-trigroupofG.μ
1

μ
2

μ
3

⊆ and ⊆ , ⊆ and ⊆ , ⊆ and ⊆ .Letμ
1

μ
2

μ
2

μ
1

μ
1

μ
3

μ
3

μ
1

μ
3

μ
2

μ
2

μ
3

Since and , arefuzzy(Anti-Fuzzy)normalsub-trigroupsofG,whichimpliesμ
1

μ
2
μ
3

ifforallx,yG,

(xy)=(yx) …………………………………..……(1)

(xy)=(yx).

(xy)=(yx).

Lettheunionofthreefuzzysubsets , , isdefinedbyμ
1
μ
2
μ
3

∪ ∪ (xy)=max{ (xy), (xy), (xy)}……….…...(2)μ
1

μ
2

μ
3

μ
1

μ
2

μ
3

By(1)and(2),
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∪ ∪ (xy)=(xy)=(yx)= ∪ ∪ (yx)μ
1

μ
2

μ
3

μ
1

μ
2

μ
3

Similarly, ∪ ∪ (xy)=(xy)=(yx)= ∪ ∪ (yx) ……..(3)μ
1

μ
2

μ
3

μ
1

μ
2

μ
3

∪ ∪ (xy)=(xy)=(yx)= ∪ ∪ (yx)μ
1

μ
2

μ
3

μ
1

μ
2

μ
3

From (3),

→ ∪ ∪ (xy)= ∪ ∪ (yx).μ
1

μ
2

μ
3

μ
1

μ
2

μ
3

∪ ∪ isafuzzy(Anti-Fuzzy)normalsub-trigroupofG.Henceμ
1

μ
2

μ
3

SufficientPart:

Suppose ∪ ∪ isafuzzy(Anti-Fuzzy)normalsub-trigroupofG.μ
1

μ
2

μ
3

ToClaim: ⊆ and ⊆ , ⊆ and ⊆ , ⊆ and ⊆ .μ
1

μ
2

μ
2

μ
1
μ
1

μ
3

μ
3

μ
1

μ
3

μ
2

μ
2

μ
3

Since ,and , arefuzzy(Anti-Fuzzy)normalsub-trigroupofGisobviouslyafuzzyμ
1

μ
2
μ
3

(Anti-Fuzzy)sub-trigroupofGand ∪ ∪ isalsoafuzzy(Anti-Fuzzy)normalsub-trigroupofGisμ
1

μ
2

μ
3

alsoafuzzy (Anti-Fuzzy)sub-trigroupofG.

Byusingthefollowingtheorem:

Theunionofthreefuzzy(Anti-Fuzzy)sub-trigroupsofagroupGisafuzzy(Anti-Fuzzy)sub-trigroupif

andonlyifoneiscontainedintheother.

Whichimplies, ⊆ and ⊆ , ⊆ and ⊆ , ⊆ and ⊆ .μ
1

μ
2

μ
2

μ
1
μ
1

μ
3

μ
3

μ
1

μ
3

μ
2

μ
2

μ
3

Hence,The union of three fuzzy (Anti-Fuzzy ) normal sub-trigroups of a group G is a

fuzzy(Anti-Fuzzy)normalsub-trigroupifandonlyifoneiscontainedintheother.

Corollary:

Inthis,Maintheorem replace“A”intheplaceofμand“min”intheplaceof“max”forAnti-FuzzyNormal

respectively.

3.9.Maintheorem :

Theunionoffourfuzzy(Anti-Fuzzy)normalsub-QuadraticgroupsofagroupGisa(Anti-Fuzzy)fuzzy

normalsub-Quadraticgroupifandonlyifoneiscontainedintheother.

Proof:

Necessarypart:

Let and , arefourfuzzy(Anti-Fuzzy)normalsub-QuadraticgroupsofGsuchthatoneisμ
1
,μ

2
μ
3
μ
4

containedintheother.

ToProve:

∪ ∪ ∪ isafuzzy(Anti-Fuzzy)normalsub-QuadraticgroupofG.μ
1

μ
2

μ
3

μ
4

⊆ and ⊆ , ⊆ and ⊆ , ⊆ and ⊆ .Letμ
1

μ
2

μ
2

μ
1

μ
1

μ
3

μ
3

μ
1

μ
3

μ
2

μ
2

μ
3

⊆ and ⊆ , ⊆ and ⊆ , ⊆ and ⊆ .μ
1

μ
4

μ
4

μ
1

μ
4

μ
3

μ
3

μ
4

μ
4

μ
2

μ
2

μ
4

Since and ,, arefuzzy(Anti-Fuzzy)normalsub-QuadraticgroupsofG,whichimpliesμ
1

μ
2
μ
3
μ
4

ifforallx,yG,

(xy)=(yx) ………………………………..……(1)

(xy)=(yx).

(xy)=(yx).

(xy)=(yx).

Lettheunionoffourfuzzysubsets , , , isdefinedbyμ
1
μ
2
μ
3
μ
4

∪ ∪ ∪ (xy)=max{ (xy), (xy), (xy), (xy)} ……….…...(2)μ
1

μ
2

μ
3

μ
4

μ
1

μ
2

μ
3

μ
4
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By(1)and(2),

∪ ∪ ∪ (xy)=(xy)=(yx)= ∪ ∪ ∪ (yx)μ
1

μ
2

μ
3

μ
4

μ
1

μ
2

μ
3

μ
4

Similarly, ∪ ∪ ∪ (xy)=(xy)=(yx)= ∪ ∪ ∪ (yx) …..(3).μ
1

μ
2

μ
3

μ
4

μ
1

μ
2

μ
3

μ
4

∪ ∪ ∪ (xy)=(xy)=(yx)= ∪ ∪ ∪ (yx)μ
1

μ
2

μ
3

μ
4

μ
1

μ
2

μ
3

μ
4

∪ ∪ ∪ (xy)=(xy)=(yx)= ∪ ∪ ∪ (yx)μ
1

μ
2

μ
3

μ
4

μ
1

μ
2

μ
3

μ
4

From (3),

→ ∪ ∪ ∪ (xy)= ∪ ∪ ∪ (yx).μ
1

μ
2

μ
3

μ
4

μ
1

μ
2

μ
3

μ
4

∪ ∪ ∪ isafuzzy(Anti-Fuzzy)normalsub-QuadraticgroupofG.Henceμ
1

μ
2

μ
3

μ
4

SufficientPart:

Suppose ∪ ∪ ∪ isafuzzy(Anti-Fuzzy)normalsub-QuadraticgroupofG.μ
1

μ
2

μ
3

μ
4

ToClaim:

⊆ and ⊆ , ⊆ and ⊆ , ⊆ and ⊆ .μ
1

μ
2

μ
2

μ
1
μ
1

μ
3

μ
3

μ
1

μ
3

μ
2

μ
2

μ
3

⊆ and ⊆ , ⊆ and ⊆ , ⊆ and ⊆ .μ
1

μ
4

μ
4

μ
1

μ
4

μ
3

μ
3

μ
4

μ
4

μ
2

μ
2

μ
4

Since ,and , , arefuzzy(Anti-Fuzzy)normalsub-QuadraticgroupofGisobviouslyaμ
1

μ
2
μ
3
μ
4

fuzzy(Anti-Fuzzy)sub-QuadraticgroupofGand ∪ ∪ ∪ isalsoafuzzy(Anti-Fuzzy)μ
1

μ
2

μ
3

μ
4

normalsub-QuadraticgroupofGisalsoafuzzy(Anti-Fuzzy)sub-QuadraticgroupofG.

Byusingthefollowingtheorem:

Theunionoffourfuzzy(Anti-Fuzzy)sub-QuadraticgroupsofagroupGisafuzzy(Anti-Fuzzy)

sub-Quadraticgroupifandonlyifoneiscontainedintheother.

Whichimplies, ⊆ and ⊆ , ⊆ and ⊆ , ⊆ and ⊆ ,μ
1

μ
2

μ
2

μ
1
μ
1

μ
3

μ
3

μ
1

μ
3

μ
2

μ
2

μ
3

⊆ and ⊆ , ⊆ and ⊆ , ⊆ and ⊆ .μ
1

μ
4

μ
4

μ
1

μ
4

μ
3

μ
3

μ
4

μ
4

μ
2

μ
2

μ
4

Hence,Theunionoffourfuzzy(Anti-Fuzzy)normalsub-QuadraticgroupsofagroupGisa

fuzzy(Anti-Fuzzy)normalsub-Quadraticgroupifandonlyifoneiscontainedintheother.

Corollary:

Inthis,Maintheorem replace “A”intheplaceofμand“min”intheplaceof“max”forAnti-Fuzzy

Normalrespectively.

3.10.Maintheorem :

Theunionoffivefuzzy(Anti-Fuzzy)normalsub-pentantgroupsofagroupGisa(Anti-Fuzzy)fuzzy

normalsub-pentantgroupifandonlyifoneiscontainedintheother.

Proof:

Necessarypart:

Let and , , arefivefuzzy(Anti-Fuzzy)normalsub-pentantgroupsofGsuchthatμ
1
,μ

2
μ
3
μ
4
μ
5

oneiscontainedintheother.

ToProve:

∪ ∪ ∪ ∪ isafuzzy(Anti-Fuzzy)normalsub-pentantgroupofG.μ
1

μ
2

μ
3

μ
4

μ
5

⊆ and ⊆ , ⊆ and ⊆ , ⊆ and ⊆Letμ
1

μ
2

μ
2

μ
1

μ
1

μ
3

μ
3

μ
1

μ
3

μ
2

μ
2

μ
3

⊆ and ⊆ , ⊆ and ⊆ , ⊆ and ⊆ ,μ
1

μ
4

μ
4

μ
1

μ
4

μ
3

μ
3

μ
4

μ
4

μ
2

μ
2

μ
4

⊆ and ⊆ , ⊆ and ⊆ , ⊆ and ⊆ , ⊆ and ⊆μ
1

μ
5

μ
5

μ
1

μ
5

μ
3

μ
3

μ
5

μ
5

μ
2

μ
2

μ
5
μ
1

μ
5

μ
5

μ
1

Since and ,, , arefuzzy(Anti-Fuzzy)normalsub-pentantgroupsofG,whichimpliesμ
1

μ
2
μ
3
μ
4
μ
5

ifforallx,yG,
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(xy)=(yx) ……………………………..……(1).

(xy)=(yx).

(xy)=(yx)

(xy)=(yx).

(xy)=(yx).

Lettheunionoffourfuzzysubsets , , , , isdefinedbyμ
1
μ
2
μ
3
μ
4
μ
5

∪ ∪ ∪ ∪ (xy)=max{ (xy),(xy),(xy), (xy), (xy)}……….…...(2)μ
1

μ
2

μ
3

μ
4

μ
5

μ
1

μ
2

μ
3

μ
4

μ
5

By(1)and(2),

∪ ∪ ∪ ∪ (xy)=(xy)=(yx)= ∪ ∪ ∪ ∪ (yx)μ
1

μ
2

μ
3

μ
4

μ
5

μ
1

μ
2

μ
3

μ
4

μ
5

∪ ∪ ∪ ∪ (xy)=(xy)=(yx)= ∪ ∪ ∪ ∪ (yx) ...........…..(3)μ
1

μ
2

μ
3

μ
4

μ
5

μ
1

μ
2

μ
3

μ
4

μ
5

∪ ∪ ∪ ∪ (xy)=(xy)=(yx)= ∪ ∪ ∪ ∪ (yx)μ
1

μ
2

μ
3

μ
4

μ
5

μ
1

μ
2

μ
3

μ
4

μ
5

∪ ∪ ∪ ∪ (xy)=(xy)=(yx)= ∪ ∪ ∪ ∪ (yx)μ
1

μ
2

μ
3

μ
4

μ
5

μ
1

μ
2

μ
3

μ
4

μ
5

∪ ∪ ∪ ∪ (xy)=(xy)=(yx)= ∪ ∪ ∪ ∪ (yx)μ
1

μ
2

μ
3

μ
4

μ
5

μ
1

μ
2

μ
3

μ
4

μ
5

From (3),

→ ∪ ∪ ∪ ∪ (xy)= ∪ ∪ ∪ ∪ (yx).μ
1

μ
2

μ
3

μ
4

μ
5

μ
1

μ
2

μ
3

μ
4

μ
5

∪ ∪ ∪ ∪ isafuzzy(Anti-Fuzzy)normalsub-pentantgroupofG.Henceμ
1

μ
2

μ
3

μ
4

μ
5

SufficientPart:

Suppose ∪ ∪ ∪ ∪ isafuzzy(Anti-Fuzzy)normalsub-pentantgroupofG.μ
1

μ
2

μ
3

μ
4

μ
5

ToClaim:

⊆ and ⊆ , ⊆ and ⊆ , ⊆ and ⊆ .μ
1

μ
2

μ
2

μ
1
μ
1

μ
3

μ
3

μ
1

μ
3

μ
2

μ
2

μ
3

⊆ and ⊆ , ⊆ and ⊆ , ⊆ and ⊆ ,μ
1

μ
4

μ
4

μ
1

μ
4

μ
3

μ
3

μ
4

μ
4

μ
2

μ
2

μ
4

⊆ and ⊆ , ⊆ and ⊆ , ⊆ and ⊆ , ⊆ and ⊆μ
1

μ
5

μ
5

μ
1

μ
5

μ
3

μ
3

μ
5

μ
5

μ
2

μ
2

μ
5
μ
4

μ
5

μ
5

μ
4.

Since ,and , , , arefuzzy(Anti-Fuzzy)normalsub-pentantgroupofGμ
1

μ
2
μ
3
μ
4
μ
5

isobviouslyafuzzy(Anti-Fuzzy)sub-pentantgroupofGand ∪ ∪ ∪ ∪ isalsoafuzzyμ
1

μ
2

μ
3

μ
4

μ
5

(Anti-Fuzzy)normalsub-pentantgroupofGisalsoafuzzy(Anti-Fuzzy)sub-pentantgroupofG.

Byusingthefollowingtheorem:

Theunionoffivefuzzy(Anti-Fuzzy) sub-pentantgroupsofagroupGisafuzzy(Anti-Fuzzy) sub-

pentantgroupifandonlyifoneiscontainedintheother.

Whichimplies, ⊆ and ⊆ , ⊆ and ⊆ , ⊆ and ⊆ ,μ
1

μ
2

μ
2

μ
1
μ
1

μ
3

μ
3

μ
1

μ
3

μ
2

μ
2

μ
3

⊆ and ⊆ , ⊆ and ⊆ , ⊆ and ⊆ , ⊆ and ⊆ , ⊆μ
1

μ
4

μ
4

μ
1

μ
4

μ
3

μ
3

μ
4

μ
4

μ
2

μ
2

μ
4

μ
1

μ
5

μ
5

μ
1

μ
5

μ
3

and ⊆ , ⊆ and ⊆ , ⊆ and ⊆ .μ
3

μ
5

μ
5

μ
2

μ
2

μ
5
μ
1

μ
5

μ
5

μ
1

Hence,Theunionoffivefuzzy(Anti-Fuzzy)normalsub-pentantgroupsofagroupGisafuzzy

(Anti-Fuzzy)normalsub-pentantgroupifandonlyifoneiscontainedintheother.

Corollary:

Inthis,Maintheorem replace “A”intheplaceofμand“min”intheplaceof“max”forAnti-Fuzzy

Normalrespectively.

Similarlyfor“n”,

3.11.Maintheorem :

Theunionof“n”fuzzy(Anti-Fuzzy)normalsub-“n”groupsofagroupGisafuzzy(Anti-Fuzzy)normal

sub-“n”groupifandonlyifoneiscontainedintheother.

Proof:

Necessarypart:

Let and , , …. are"n”fuzzy(Anti-Fuzzy)normalsub-“n”groupsofGsuchthatμ
1
,μ

2
μ
3
μ
4
μ
5

μ
n

oneiscontainedintheother.
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ToProve:

∪ ∪ ∪ ∪ …..∪ isafuzzy(Anti-Fuzzy)normalsub-“n”groupofG.μ
1

μ
2

μ
3

μ
4

μ
5

μ
n

⊆ and ⊆ , ⊆ and ⊆ , ⊆ and ⊆ ,Letμ
1

μ
2

μ
2

μ
1

μ
1

μ
3

μ
3

μ
1

μ
3

μ
2

μ
2

μ
3

⊆ and ⊆ , ⊆ and ⊆ , ⊆ and ⊆ ,μ
1

μ
4

μ
4

μ
1

μ
4

μ
3

μ
3

μ
4

μ
4

μ
2

μ
2

μ
4

⊆ and ⊆ , ⊆ and ⊆ , ⊆ and ⊆ , ⊆ and ⊆ ,…μ
1

μ
5

μ
5

μ
1

μ
5

μ
3

μ
3

μ
5

μ
5

μ
2

μ
2

μ
5
μ
4

μ
5

μ
5

μ
4

⊆ and ⊆ , ⊆ and ⊆ , ⊆ and ⊆ .……………….μ
1

μn μn μ
1

μn μ
3

μ
3

μn μn μ
2

μ
2

μn
Since and ,, , … arefuzzy(Anti-Fuzzy)normalsub-“n”groupsofG,Whichimplies,ifμ

1
μ
2
μ
3
μ
4
μ
5
….μn

forallx,yG,

(xy)=(yx) ………………………..……(1).
(xy)=(yx).

(xy)=(yx).

(xy)=(yx).

………………..

…………………

n(xy)=n(yx).

Lettheunionof“n”fuzzysubsets , , , , , isdefinedbyμ
1
μ
2
μ
3
μ
4
μ
5,……

μ
n

∪ ∪ ∪ …..∪ (xy)=max{ (xy),(xy),(xy),…., (xy)}……….…...(2)μ
1

μ
2

μ
3

μ
4

μ
n

μ
1

μ
2

μ
3

μ
n

By(1)and(2),

∪ ∪ …∪ (xy)=(xy)=(yx)= ∪ ∪ …………∪ (yx)μ
1

μ
2

μ
3

μn μ
1

μ
2

μ
3

μn
∪ ∪ ….∪ (xy)=(xy)=(yx)= ∪ ∪ …………∪ (yx) …..……...(3).μ

1
μ
2

μ
3

μn μ
1

μ
2

μ
3

μn
∪ ∪ ….∪ (xy)=(xy)=(yx)= ∪ ∪ ………..∪ (yx)μ

1
μ
2

μ
3

μn μ
1

μ
2

μ
3

μn
……………………………………………………………………………………….

……………………………………………………………………………………….

∪ ∪ …..∪ (xy)=n(xy)=n(yx)= ∪ ∪ ……..∪ (yx)μ
1

μ
2

μ
3

μn μ
1

μ
2

μ
3

μn
From (3),

→ ∪ ∪ …..∪ (xy)= ∪ ∪ …..∪ (yx).μ
1

μ
2

μ
3

μn μ
1

μ
2

μ
3

μn
∪ ∪…..∪ isafuzzy(Anti-Fuzzy)normalsub-“n”groupofG.Henceμ

1
μ
2

μ
n

SufficientPart:

Suppose ∪ ∪ …..∪ isafuzzy(Anti-Fuzzy)normalsub-“n”groupofG.μ
1

μ
2

μ
3

μ
n

ToClaim:

⊆ and ⊆ , ⊆ and ⊆ , ⊆ and ⊆μ
1

μ
2

μ
2

μ
1

μ
1

μ
3

μ
3

μ
1

μ
3

μ
2

μ
2

μ
3

⊆ and ⊆ , ⊆ and ⊆ , ⊆ and ⊆ ,μ
1

μ
4

μ
4

μ
1

μ
4

μ
3

μ
3

μ
4

μ
4

μ
2

μ
2

μ
4

⊆ and ⊆ , ⊆ and ⊆ , ⊆ and ⊆ , ⊆ and ⊆ ,…μ
1

μ
5

μ
5

μ
1

μ
5

μ
3

μ
3

μ
5

μ
5

μ
2

μ
2

μ
5
μ
4

μ
5

μ
5

μ
4

⊆ and ⊆ , ⊆ and ⊆ , ⊆ and ⊆ .……………….μ
1

μn μn μ
1

μn μ
3

μ
3

μn μn μ
2

μ
2

μn

Since ,and , , , arefuzzy(Anti-Fuzzy)normalsub-“n”groupofGisobviouslyafuzzyμ
1

μ
2
μ
3
μ
4
μ
5

(Anti-Fuzzy)sub-“n”groupofGand ∪ ∪ …..∪ isalsoafuzzy(Anti-Fuzzy)normalsub-“n”μ
1

μ
2

μ
3

μ
n

groupofGisalsoafuzzy(Anti-Fuzzy)sub-“n”groupofG.
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Byusingthefollowingtheorem:

Theunionoffourfuzzy(Anti-Fuzzy)sub-“n”groupsofagroupGisafuzzy(Anti-Fuzzy)sub-“n”group

ifandonlyifoneiscontainedintheother.

Whichimplies,

⊆ and ⊆ , ⊆ and ⊆ , ⊆ and ⊆μ
1

μ
2

μ
2

μ
1

μ
1

μ
3

μ
3

μ
1

μ
3

μ
2

μ
2

μ
3

⊆ and ⊆ , ⊆ and ⊆ , ⊆ and ⊆ ,μ
1

μ
4

μ
4

μ
1

μ
4

μ
3

μ
3

μ
4

μ
4

μ
2

μ
2

μ
4

⊆ and ⊆ , ⊆ and ⊆ , ⊆ and ⊆ , ⊆ and ⊆ ,…μ
1

μ
5

μ
5

μ
1

μ
5

μ
3

μ
3

μ
5

μ
5

μ
2

μ
2

μ
5
μ
4

μ
5

μ
5

μ
4

⊆ and ⊆ , ⊆ and ⊆ , ⊆ and ⊆ .……………….μ
1

μn μn μ
1

μn μ
3

μ
3

μn μn μ
2

μ
2

μn

Hence,Theunionoffourfuzzy(Anti-Fuzzy)normalsub-“n”groupsofagroupGisafuzzy(Anti-Fuzzy)

normalsub-“n”groupifandonlyifoneiscontainedintheother.

Corollary:

Inthis,Maintheorem replace“A”intheplaceofμand“min”intheplaceof“max”forAnti-FuzzyNormal

respectively.

IV.CONCLUSION

Inthispaper,IhavederivedthedefinitionofFuzzy

normalsubgroup,definitionofFuzzynormal

subbigroup,definitionofFuzzynormal

subtrigroup,definitionofFuzzynormal

sub–Quadraticgroup,definitionoffuzzynormal

sub-Pentantgroupand definitionofFuzzynormal

sub–Ngroups.Theoremsofunionoffuzzynormal

basedonthesedefinitions havebeenderivedand

theunionof anti-fuzzynormalbasedonthese

definitions arealsohavebeenderivedasreplace

“A”intheplaceofμand“min”intheplaceof“max”

for Anti-Fuzzy Normal in Main theorems

respectively.
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