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ABSTRACT 

 

In this paper we introduce some new results depending on the comparative growth 

properties of composition of entire function of several complex variables using 

relative L∗ − order, Relative L∗ − lower order and  L ≡ L(r1, r2, r3, …… . . , rn) is 

a slowly changing functions. We prove some relation between relative   L∗ − order 

and relative  L∗ − lower order. 
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I. INTRODUCTION, DEFINITIONS AND NOTATIONS  

 

In 2007 Banerjee and Datta [6] introduced the definition of relative order of an entire function f(z1, z2) with respect 

to an entire function g(z1, z2) as follows. 

Let g(z1, z2) be an entire function holomorphic in closed polydisc {(z1, z2): |zj| ≤ rj ; j = 1,2} and let  

G(r1, r2) = max{g(z1, z2); |zj| ≤ rj ; j = 1,2} 

The relative order of  f with respect to g , denoted by ρg(f) and is denoted by  

ρg(f) = inf{μ > 0: F(r1, r2) < G(r1
μ
, r2
μ
); for r1 > R(μ), r2 ≥ R(μ)}. 

In this paper we introduced the idea of relative order of entire functions of several complex variables. 

 Note: Subscript vn denote n variables. 

𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧 𝟏. The order nv ρf and lower order nv λf of an entire function f are defined as  

nv ρf = lim
r1,r2,……,rn→∞

sup
log[2] nv Mf

log(r1.r2……rn)
  and  nv λf = lim

r1,r2,……,rn→∞
inf

log[2] nv Mf

log(r1.r2……rn)
 

using the inequalities ,  nv μf = nv Mf ≤
R1

R1−r1

R2

R2−r2
…

Rn

Rn−rn
nv Mf(R) 

{cf. [2]}, for 0 ≤ r1 < R1, 0 ≤ r2 < R2…… ,0 ≤ rn < Rn,  

nv ρf = lim
r1,r2,……,rn→∞

sup
log[2] nv Mf

log( r1.r2……rn)
    and  nv λf = lim

r1,r2,……,rn→∞
inf

log[2] nv Mf

log(r1.r2……rn)
 

Let L ≡ L(r1, r2, r3, … . . , rn) be a positive continuous function slowly increasing  

i.e.,                                         L(ar1, ar2, … . . , arn)~L(r1, r2, … . . , rn) 

as r1, r2, … . . , rn → ∞ for every positive constant a. Singh and Barker [24] defined in the following way. 

𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧 𝟐. [24] A positive continuous function L(r1, r2, … . . , rn) is called a slowly changing function. If  
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1

kε
≤
L(kr1, kr2, … . . , krn)

L(r1, r2, … . . , rn)
≤ kε , for  r1, r2, … . . , rn ≥ r(ε) and uniformly for k(≥ 1).   

The notion of L − order and L − lower order for entire functions, introduce the Somasundaram and Thamizharasi 

in [7] 

The more generalized concept for  L − order and L − lower order for entire functions are L∗ − order, and  L∗ −

lower order respectively. Their definitions are as follows: 

𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧 𝟑. [7] The  L∗ − order, nv ρf
L∗and L∗ − lower order nv λf

L∗ of an entire function f are defined as 

nv ρf
L∗ = lim

r1,r2,……,rn→∞
sup

log[2] nv Mf (r)

log[(r1. r2……rn) e
L(r1,r2,…..,rn))]

 and 

nv λf
L∗ = lim

r1,r2,……,rn→∞
inf

log[2] nv Mf (r)

log[(r1. r2……rn) e
L(r1,r2,…..,rn))]

 

If an entire function g is non-constant then Mg(r)  is strictly increasing and continuous. Its inverse 

nv Mg
−1: (|f(0,0,…… ,0)|,∞) → (0,∞), exists and is constant  

lim
r1,r2,……,rn→∞

nv Mg
−1(r) = ∞ 

Banerjee and Datta [6] introduced the definition of relative order of an entire function f of several complex variables 

w.r.t. an entire function of several complex variables g, denoted by nv ρg(f) as follows 

nv ρg(f) = inf {μ > 0; nv Mf(r) < nv Mg(r
μ), for all r1, r2, …… , rn > r0(μ) > 0} 

= lim
r1,r2,……,rn→∞

sup
log nv Mg

−1 nv Mf(r)

log(r1r2……rn)
,   for g(z1, z2, …… zn) = exp(z1. z2……zn) 

The above definition coincides with classical one {𝑐𝑓. [8]}. 

Similarly, we can define the relative lower order of an entire function 𝑓 of several complex variables with 

respect to another entire function of several complex variables 𝑔  denoted by 

nv 𝜆𝑔(𝑓) = 𝑙𝑖𝑚
𝑟1,𝑟2,……,𝑟𝑛→∞

𝑖𝑛𝑓
𝑙𝑜𝑔 nv 𝑀𝑔

−1 nv 𝑀𝑓(𝑟)

𝑙𝑜𝑔(𝑟1𝑟2……𝑟𝑛)
 

Datta and Maji [14]  gave an another definition of relative order and relative lower order of an entire function of 

several complex variables with respect to another entire function of several complex variables in this following. 

𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟒. [14] The relative order nv 𝜌𝑔(𝑓) and relative lower order nv 𝜆𝑔(𝑓) of an entire function of several 

complex variables 𝑓 with respect to another entire function 𝑔 of several complex variables are defined by 

nv 𝜌𝑔(𝑓) = 𝑙𝑖𝑚
𝑟1,𝑟2,……,𝑟𝑛→∞

𝑠𝑢𝑝
𝑙𝑜𝑔 nv 𝑀𝑔

−1 nv 𝑀𝑓(𝑟)

𝑙𝑜𝑔(𝑟1𝑟2……𝑟𝑛)
  𝑎𝑛𝑑 nv 𝜆𝑔(𝑓) = 𝑙𝑖𝑚

𝑟1,𝑟2,……,𝑟𝑛→∞
𝑖𝑛𝑓

𝑙𝑜𝑔 nv 𝑀𝑔
−1 nv 𝑀𝑓(𝑟)

𝑙𝑜𝑔(𝑟1𝑟2……𝑟𝑛)
. 

𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟓.  ([18][17])  The relative 𝐿∗ − 𝑜𝑟𝑑𝑒𝑟  of an entire function 𝑓  of several complex variables with 

respect to an entire function 𝑔 of several complex variables defined by 

nv 𝜌𝑔
𝐿∗ = 𝑖𝑛𝑓 {𝜇 > 0 ∶ nv 𝑀𝑓(𝑟) < 𝑀𝑔{(𝑟1. 𝑟2…𝑟𝑛)𝑒

𝐿(𝑟1,𝑟2,..,𝑟𝑛)}, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑟1, 𝑟2, … , 𝑟𝑛 > 𝑟0(𝜇) > 0} 

= 𝑙𝑖𝑚
𝑟1,𝑟2,……,𝑟𝑛→∞

𝑠𝑢𝑝
𝑙𝑜𝑔𝑀𝑔

−1 nv 𝑀𝑓(𝑟)

𝑙𝑜𝑔[(𝑟1. 𝑟2……𝑟𝑛) 𝑒
𝐿(𝑟1,𝑟2,…..,𝑟𝑛))]

 

analogously, relative 𝐿∗ − 𝑙𝑜𝑤𝑒𝑟 𝑜𝑟𝑑𝑒𝑟 defined by  

nv 𝜆𝑓
𝐿∗ = 𝑙𝑖𝑚

𝑟1,𝑟2,……,𝑟𝑛→∞
𝑖𝑛𝑓

𝑙𝑜𝑔𝑀𝑔
−1 nv 𝑀𝑓(𝑟)

𝑙𝑜𝑔[(𝑟1. 𝑟2……𝑟𝑛) 𝑒
𝐿(𝑟1,𝑟2,…..,𝑟𝑛))]

 

Datta,  Biswas and Ali[19] also gave another definition which as follows: 

𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟔. [19] The relative 𝐿∗ −  𝑜𝑟𝑑𝑒𝑟 nv 𝜌𝑔
𝐿∗(𝑓) and the relative 𝐿∗ − 𝑙𝑜𝑤𝑒𝑟 𝑜𝑟𝑑𝑒𝑟 nv 𝜆𝑔

𝐿∗(𝑓) of an entire 

function 𝑓 of several complex variables with respect to 𝑔 are as follows 

http://www.ijsrset.com/
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nv 𝜌𝑔
𝐿∗(𝑓) = 𝑙𝑖𝑚

𝑟1,𝑟2,…,𝑟𝑛→∞
𝑠𝑢𝑝

𝑙𝑜𝑔𝑀𝑔
−1 nv 𝑀𝑓(𝑟)

𝑙𝑜𝑔[(𝑟1. 𝑟2…𝑟𝑛) 𝑒
𝐿(𝑟1,𝑟2,..,𝑟𝑛))]

  𝑎𝑛𝑑  

nv 𝜆𝑔
𝐿∗(𝑓) = 𝑙𝑖𝑚

𝑟1,𝑟2,…,𝑟𝑛→∞
𝑖𝑛𝑓

𝑙𝑜𝑔𝑀𝑔
−1 nv 𝑀𝑓(𝑟)

𝑙𝑜𝑔[(𝑟1. 𝑟2…𝑟𝑛) 𝑒
𝐿(𝑟1,𝑟2,..,𝑟𝑛))]

 

In this paper we study some comparative growth properties of maximum term and maximum modulus of 

composition of entire functions of several complex variables with respect to another entire function on the basis of 

relative 𝐿∗ −  𝑜𝑟𝑑𝑒𝑟 and relative 𝐿∗ − 𝑙𝑜𝑤𝑒𝑟 𝑜𝑟𝑑𝑒𝑟. We do not explain the some standard definition and notations 

in the theory of entire functions of several complex variables as those are available in [9]. 

In this paper we use some lemmas. 

𝑳𝒆𝒎𝒎𝒂 𝟏. ([𝟏], [𝟏𝟐]) Let 𝑓 and 𝑔 be two entire functions of several complex variables. Then for every 𝛼 > 1 and 

0 < 𝑟1 < 𝑅1, 0 < 𝑟2 < 𝑅2, … . . ,0 < 𝑟𝑛 ≤ 𝑅𝑛, 

nv 𝜇𝑓𝑜𝑔(𝑟) ≤
𝛼

𝛼 − 1
𝜇𝑓 (

𝛼𝑅1
𝑅1 − 𝑟1

.
𝑅2

𝑅2 − 𝑟2
…… . .

𝑅𝑛
𝑅𝑛 − 𝑟𝑛

𝜇𝑔(𝑟)). 

𝑳𝒆𝒎𝒎𝒂 𝟐. ([𝟏], [𝟏𝟐]) Let 𝑓 and 𝑔 be any two entire functions of several complex variables with 𝑔(0,0, … .0) = 0. 

Then for all sufficient large values of 𝑟1, 𝑟2, …… , 𝑟𝑛,  

nv 𝜇𝑓𝑜𝑔(𝑟) ≥
1

2
𝜇𝑓 (

1

8
𝜇𝑔 (

𝑅1
4
,
𝑅2
4
,…… . . ,

𝑅𝑛
4
)). 

𝑳𝒆𝒎𝒎𝒂 𝟑. ([𝟏𝟐], [𝟏𝟎]) If 𝑓 and 𝑔 are any two entire functions of several complex variables then for all sufficient 

large values of 𝑟1, 𝑟2, …… , 𝑟𝑛, 

nv 𝑀𝑓𝑜𝑔(𝑟1, 𝑟2, …… , 𝑟𝑛) = 𝑀𝑓 ( nv 𝑀𝑔(𝑟)). 

𝑳𝒆𝒎𝒎𝒂 𝟒. ([𝟏𝟎], [𝟏𝟐]) If 𝑓 and 𝑔 are any two entire functions of several complex variables with 𝑔(0) = 0. Then 

for all sufficient large values of 𝑟1, 𝑟2, …… , 𝑟𝑛, 

nv 𝑀𝑓𝑜𝑔(𝑟) ≥ 𝑀𝑓 (
1

8
𝑀𝑔 (

𝑟1
2
,
𝑟2
2
,…… . . ,

𝑟𝑛
2
)). 

𝑳𝒆𝒎𝒎𝒂 𝟓.  ([𝟏𝟒], [𝟏𝟐]) If 𝑓  be entire functions and 𝛼 > 1, 0 < 𝛽 < 𝛼,  Then for all sufficient large values of 

𝑟1, 𝑟2, …… , 𝑟𝑛. 

𝜇𝑓(𝛼𝑟1, 𝛼𝑟2, …… , 𝛼𝑟𝑛) ≥ 𝛽 nv 𝜇𝑓(𝑟). 

In this section we prove some main results. 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝑨.  Let  𝑓  and ℎ  be any two entire functions of several complex variables with 0 < nv 𝜆ℎ
𝐿∗(𝑓) ≤

nv 𝜌ℎ
𝐿∗(𝑓) < ∞. Also let 𝑔 be an entire function of several complex variables with nv 𝜆𝑔

𝐿∗ > 0 𝑎𝑛𝑑 𝑔(0,0,… .0) = 0. 

Then for every positive constant 𝑃 and real number 𝑥. 

𝑙𝑖𝑚
𝑟1,𝑟2,……,𝑟𝑛→∞

𝑙𝑜𝑔 𝜇ℎ
−1 nv 𝜇𝑓𝑜𝑔(𝑟)

{𝑙𝑜𝑔 𝜇ℎ
−1𝜇𝑓 (𝑟1

𝑃 , 𝑟2
𝑃 , … . . , 𝑟𝑛

𝑃)1+𝑥}
= ∞. 

𝑷𝒓𝒐𝒐𝒇. If 𝑥 is such that 1 + 𝑥 ≤ 0, then the theorem is obvious. So we suppose that  1 + 𝑥 > 0. From lemma (2) 

and lemma (5), we have for all sufficiently large values of 𝑟1, 𝑟2, …… , 𝑟𝑛 that  

(𝟏)      nv 𝜇𝑓𝑜𝑔(𝑟) ≥ 𝜇𝑟 (
1

24
𝜇𝑔 (

𝑟1

4
,
𝑟2

4
, …… . . ,

𝑟𝑛

4
)) 

Since 𝜇ℎ
−1 is an increasing function, it follows from (1) for all sufficiently large values of 𝑟1, 𝑟2, …… , 𝑟𝑛 i.e., 

𝜇ℎ
−1 nv 𝜇𝑓𝑜𝑔(𝑟) ≥ 𝜇ℎ

−1𝜇𝑓 (
1

24
𝜇𝑔 (

𝑟1
4
,
𝑟2
4
,…… . . ,

𝑟𝑛
4
)) 

𝑖. 𝑒.,    𝑙𝑜𝑔 𝜇ℎ
−1 nv 𝜇𝑓𝑜𝑔(𝑟) ≥ 𝑙𝑜𝑔 𝜇ℎ

−1𝜇𝑓 (
1

24
𝜇𝑔 (

𝑟1

4
,
𝑟2

4
, …… . . ,

𝑟𝑛

4
)) 

𝑙𝑜𝑔 𝜇ℎ
−1 nv 𝜇𝑓𝑜𝑔(𝑟) ≥ 𝑂(1) + ( nv 𝜆ℎ

𝐿∗(𝑓) − 𝜀) [𝑙𝑜𝑔 {
1

24
𝜇𝑔 (

𝑟1
4
,
𝑟2
4
,…… . . ,

𝑟𝑛
4
)} + 𝐿 (

1

24
𝜇𝑔 (

𝑟1
4
,
𝑟2
4
,…… . . ,

𝑟𝑛
4
))] 
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𝑙𝑜𝑔 𝜇ℎ
−1 nv 𝜇𝑓𝑜𝑔(𝑟) ≥ 𝑂(1) + ( nv 𝜆ℎ

𝐿∗(𝑓) − 𝜀) [𝑙𝑜𝑔 𝜇𝑔 (
𝑟1
4
,
𝑟2
4
,…… . . ,

𝑟𝑛
4
) + 𝑂(1) + 𝐿 (

1

24
𝜇𝑔 (

𝑟1
4
,
𝑟2
4
,…… . . ,

𝑟𝑛
4
))] 

𝑖. 𝑒. , (𝟐)    𝑙𝑜𝑔 𝜇ℎ
−1 nv 𝜇𝑓𝑜𝑔(𝑟) ≥ 𝑂(1) + ( nv 𝜆ℎ

𝐿∗(𝑓) − 𝜀) {
(𝑟1𝑟2……𝑟𝑛)

4𝑛
𝑒𝐿(𝑟1,𝑟2,……,𝑟𝑛)}

nv
𝜆𝑔
𝐿∗−𝜀

+

𝐿 (
1

24
𝜇𝑔 (

𝑟1

4
,
𝑟2

4
, …… . . ,

𝑟𝑛

4
)), where we can choose 0 < 𝜀 < 𝑚𝑖𝑛 { nv 𝜆ℎ

𝐿∗(𝑓), nv 𝜆𝑔
𝐿∗(𝑓)}    

also for all sufficiently large values of 𝑟1, 𝑟2, …… , 𝑟𝑛 .we get that 

𝑙𝑜𝑔 𝜇ℎ
−1𝜇𝑓 (𝑟1

𝑃 , 𝑟2
𝑃 , … . . , 𝑟𝑛

𝑃) ≤ ( nv 𝜌ℎ
𝐿∗(𝑓) + 𝜀) 𝑙𝑜𝑔 {(𝑟1

𝑃𝑟2
𝑃… . . 𝑟𝑛

𝑃) 𝑒𝐿(𝑟1
𝑃,𝑟2

𝑃,…..,𝑟𝑛
𝑃)} 

𝑖. 𝑒. ,   𝑙𝑜𝑔 𝜇ℎ
−1𝜇𝑓 (𝑟1

𝑃 , 𝑟2
𝑃 , … . . , 𝑟𝑛

𝑃) ≤ ( nv 𝜌ℎ
𝐿∗(𝑓) + 𝜀) 𝑙𝑜𝑔 {(𝑟1

𝑃𝑟2
𝑃… . . 𝑟𝑛

𝑃) 𝑒𝐿(𝑟1
𝑃,𝑟2

𝑃,…..,𝑟𝑛
𝑃)}    

𝑖. 𝑒. , (𝟑)      {𝑙𝑜𝑔 𝜇ℎ
−1𝜇𝑓 (𝑟1

𝑃 , 𝑟2
𝑃 , … . . , 𝑟𝑛

𝑃)}
1+𝑥

≤ ( nv 𝜌ℎ
𝐿∗(𝑓) + 𝜀)

1+𝑥

(𝑃 𝑙𝑜𝑔{(𝑟1
𝑃𝑟2

𝑃… . . 𝑟𝑛
𝑃) +

𝐿(𝑟1
𝑃 , 𝑟2

𝑃 , … . . , 𝑟𝑛
𝑃)})1+𝑥     

There for (2) and (3), it follows for all sufficiently large values of  𝑟1, 𝑟2, …… , 𝑟𝑛 that 

(𝟒)        
𝑙𝑜𝑔 𝜇ℎ

−1 nv 𝜇𝑓𝑜𝑔(𝑟)

{𝑙𝑜𝑔 𝜇ℎ
−1𝜇𝑓 (𝑟1

𝑃 , 𝑟2
𝑃 , … . . , 𝑟𝑛

𝑃)}
1+𝑥

≥

𝑂(1) + ( nv 𝜆ℎ
𝐿∗(𝑓) − 𝜀) {

𝑟1𝑟2……𝑟𝑛
4𝑛 𝑒𝐿(𝑟1,𝑟2,……,𝑟𝑛)}

nv
𝜆𝑔
𝐿∗−𝜀

+ 𝐿 (
1
24𝜇𝑔 (

𝑟1
4 ,
𝑟2
4 ,…… . . ,

𝑟𝑛
4))

( nv 𝜌ℎ
𝐿∗(𝑓) + 𝜀)

1+𝑥

(𝐴 𝑙𝑜𝑔{(𝑟1
𝑃𝑟2

𝑃… . . 𝑟𝑛
𝑃) + 𝐿(𝑟1

𝑃 , 𝑟2
𝑃 , … . . , 𝑟𝑛

𝑃)})1+𝑥
 

Since 
𝑟

nv
𝜆𝑔
𝐿∗−𝜀 

𝑙𝑜𝑔(𝑟1𝑟2……𝑟𝑛)
1+𝑥 → ∞ 𝑎𝑠 𝑟1, 𝑟2, …… , 𝑟𝑛 → ∞, the theorem follows from (4) 

Theorem (𝐴) state the following theorem without proof. 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝑩. Let 𝑓 and ℎ be any two entire functions of several complex variables with 0 < nv 𝜆ℎ
𝐿∗(𝑓) < ∞ 𝑜𝑟 0 <

nv 𝜌ℎ
𝐿∗(𝑓) < ∞.  Also let 𝑔  be an entire function with nv 𝜆𝑔

𝐿∗ > 0 𝑎𝑛𝑑 𝑔(0,0,… .0) = 0.  then for every positive 

constant 𝑃 and real number 𝑥. 

𝑙𝑖𝑚
𝑟1,𝑟2,……,𝑟𝑛→∞

𝑠𝑢𝑝
𝑙𝑜𝑔 𝜇ℎ

−1 nv 𝜇𝑓𝑜𝑔(𝑟)

{𝑙𝑜𝑔 𝜇ℎ
−1𝜇𝑓 (𝑟1

𝑃 , 𝑟2
𝑃 , … . . , 𝑟𝑛

𝑃)1+𝑥}
= ∞. 

Theorem (𝐴) and theorem (𝐵) and using lemma (4) verify the following two theorems. 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝑪.  Let  𝑓  and ℎ  be any two entire functions of several complex variables with 0 < nv 𝜆ℎ
𝐿∗(𝑓) ≤

nv 𝜌ℎ
𝐿∗(𝑓) < ∞. Also let 𝑔 be an entire function of several complex variables with nv 𝜆𝑔

𝐿∗ > 0 𝑎𝑛𝑑 𝑔(0,0,… .0) = 0. 

Then for every positive constant 𝐴 and real number 𝑥. 

𝑙𝑖𝑚
𝑟1,𝑟2,……,𝑟𝑛→∞

𝑙𝑜𝑔 𝜇ℎ
−1 nv 𝜇𝑓𝑜𝑔(𝑟)

{𝑙𝑜𝑔 𝜇ℎ
−1𝜇𝑔 (𝑟1

𝑃 , 𝑟2
𝑃 , … . . , 𝑟𝑛

𝑃)1+𝑥}
= ∞. 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝑫. Let  𝑓 , 𝑔 and ℎ be any three entire functions of several complex variables 𝑔 with non zero 𝐿∗ −

𝑙𝑜𝑤𝑒𝑟 𝑜𝑟𝑑𝑒𝑟, 𝑔(0,0, … .0) = 0   and either 0 ≤ nv 𝜆ℎ
𝐿∗(𝑓) < ∞  or 0 ≤ nv 𝜌ℎ

𝐿∗(𝑓) < ∞.   Then for every positive 

constant 𝑃 and real number 𝑥. 

𝑙𝑖𝑚
𝑟1,𝑟2,……,𝑟𝑛→∞

𝑠𝑢𝑝
𝑙𝑜𝑔𝑀ℎ

−1 nv 𝜇𝑓𝑜𝑔(𝑟)

{𝑙𝑜𝑔𝑀ℎ
−1𝜇𝑓 (𝑟1

𝑃 , 𝑟2
𝑃 , … . . , 𝑟𝑛

𝑃)1+𝑥}
= ∞. 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝑬.  Let  𝑓  and ℎ  be any two entire functions of several complex variables with 0 < nv 𝜆ℎ
𝐿∗(𝑓) ≤

nv 𝜌ℎ
𝐿∗(𝑓) < ∞ and 𝑔 be an entire function with non zero 𝐿∗ − 𝑙𝑜𝑤𝑒𝑟 𝑜𝑟𝑑𝑒𝑟, 𝑎𝑛𝑑 𝑔(0,0,… .0) = 0.  Then for any 

positive integer 𝛼 𝑎𝑛𝑑 𝛽,  
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𝑙𝑖𝑚
𝑟1,𝑟2,……,𝑟𝑛→∞

𝑠𝑢𝑝
𝑙𝑜𝑔[2] 𝜇ℎ

−1𝜇𝑓𝑜𝑔(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1
𝛼 , 𝑟2

𝛼 , … . . , 𝑟𝑛
𝛼)))

𝑙𝑜𝑔 𝜇ℎ
−1𝜇𝑓 (𝑒𝑥𝑝 (𝑟1

𝛽
, 𝑟2
𝛽
, … . . , 𝑟𝑛

𝛽
)) + nv 𝐾(𝑟, 𝛼, 𝐿)

= ∞, 

( )LrKvn ,,
= {

0, 𝑖𝑓 (𝑟1𝑟2……𝑟𝑛)
𝛽 = 𝑂 {𝐿 (𝑒𝑥𝑝(𝑒𝑥𝑝(𝑟1

𝛼 , 𝑟2
𝛼 , … . . , 𝑟𝑛

𝛼)))} 𝑎𝑠 𝑟1, 𝑟2, …… , 𝑟𝑛 → ∞.

𝐿(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1
𝛼 , 𝑟2

𝛼 , … . . , 𝑟𝑛
𝛼)))  𝑜𝑡ℎ𝑒𝑟 𝑤𝑖𝑠𝑒.

  

𝑷𝒓𝒐𝒐𝒇. Taking 𝑥 = 0 and 𝑃 = 1 in theorem (𝐴) we obtain for all sufficiently large values of 𝑟1, 𝑟2, …… , 𝑟𝑛 and for 

𝑘 > 1 

𝑙𝑜𝑔 𝜇ℎ
−1 nv 𝜇𝑓𝑜𝑔(𝑟) > 𝑘 𝑙𝑜𝑔 𝜇ℎ

−1 nv 𝜇𝑓(𝑟) 

𝑖. 𝑒. ,     𝜇ℎ
−1 nv 𝜇𝑓𝑜𝑔(𝑟) > {𝜇ℎ

−1 nv 𝜇𝑓(𝑟)}
𝑘

     

𝑖. 𝑒. (5)      𝜇ℎ
−1 nv 𝜇𝑓𝑜𝑔(𝑟) > 𝜇ℎ

−1 nv 𝜇𝑓(𝑟) 

therefore from (5), we get for all sufficient large values of  𝑟1, 𝑟2, …… , 𝑟𝑛 that 

𝑙𝑜𝑔𝑀ℎ
−1𝜇𝑓𝑜𝑔(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1

𝛼 , 𝑟2
𝛼 , … . . , 𝑟𝑛

𝛼))) > 𝜇ℎ
−1𝜇𝑓𝑜𝑔(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1

𝛼 , 𝑟2
𝛼 , … . . , 𝑟𝑛

𝛼))) 

𝑖. 𝑒. ,   𝑙𝑜𝑔𝑀ℎ
−1𝜇𝑓𝑜𝑔(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1

𝛼 , 𝑟2
𝛼 , … . . , 𝑟𝑛

𝛼)))

> ( nv 𝜆ℎ
𝐿∗(𝑓) − 𝜀) . 𝑙𝑜𝑔{𝑒𝑥𝑝(𝑒𝑥𝑝(𝑟1

𝛼 , 𝑟2
𝛼 , … . . , 𝑟𝑛

𝛼)) 𝑒𝑥𝑝𝐿(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1
𝛼 , 𝑟2

𝛼 , … . . , 𝑟𝑛
𝛼)))} 

𝑖. 𝑒. ,     𝑙𝑜𝑔𝑀ℎ
−1𝜇𝑓𝑜𝑔(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1

𝛼 , 𝑟2
𝛼 , … . . , 𝑟𝑛

𝛼)))

> ( nv 𝜆ℎ
𝐿∗(𝑓) − 𝜀) . {𝑒𝑥𝑝(𝑟1

𝛼 , 𝑟2
𝛼 , … . . , 𝑟𝑛

𝛼) + 𝐿(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1
𝛼 , 𝑟2

𝛼 , … . . , 𝑟𝑛
𝛼)))} 

𝑙𝑜𝑔𝑀ℎ
−1𝜇𝑓𝑜𝑔(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1

𝛼 , 𝑟2
𝛼 , … . . , 𝑟𝑛

𝛼)))

> ( nv 𝜆ℎ
𝐿∗(𝑓) − 𝜀) . {𝑒𝑥𝑝(𝑟1

𝛼 , 𝑟2
𝛼 , … . . , 𝑟𝑛

𝛼) (1 +
𝐿(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1

𝛼 , 𝑟2
𝛼 , … . . , 𝑟𝑛

𝛼)))

𝑒𝑥𝑝(𝑟1
𝛼 , 𝑟2

𝛼 , … . . , 𝑟𝑛
𝛼)

)} 

𝑙𝑜𝑔[2]𝑀ℎ
−1𝜇𝑓𝑜𝑔(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1

𝛼 , 𝑟2
𝛼 , … . . , 𝑟𝑛

𝛼)))

> 𝑂(1) + 𝑙𝑜𝑔 𝑒𝑥𝑝(𝑟1
𝛼 , 𝑟2

𝛼 , … . . , 𝑟𝑛
𝛼)  + 𝑙𝑜𝑔 {1 +

𝐿(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1
𝛼 , 𝑟2

𝛼 , … . . , 𝑟𝑛
𝛼)))

𝑒𝑥𝑝(𝑟1
𝛼 , 𝑟2

𝛼 , … . . , 𝑟𝑛
𝛼)

} 

𝑙𝑜𝑔[2]𝑀ℎ
−1𝜇𝑓𝑜𝑔(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1

𝛼 , 𝑟2
𝛼 , … . . , 𝑟𝑛

𝛼)))

> 𝑂(1) + (𝑟1
𝛼 . 𝑟2

𝛼… . . 𝑟𝑛
𝛼)  + 𝑙𝑜𝑔 {1 +

𝐿(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1
𝛼 , 𝑟2

𝛼 , … . . , 𝑟𝑛
𝛼)))

𝑒𝑥𝑝(𝑟1
𝛼 , 𝑟2

𝛼 , … . . , 𝑟𝑛
𝛼)

} 

𝑙𝑜𝑔[2]𝑀ℎ
−1𝜇𝑓𝑜𝑔(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1

𝛼 , 𝑟2
𝛼 , … . . , 𝑟𝑛

𝛼)))

> 𝑂(1) + (𝑟1𝑟2……𝑟𝑛)
𝛼  + 𝐿(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1

𝛼 , 𝑟2
𝛼 , … . . , 𝑟𝑛

𝛼)))

− 𝑙𝑜𝑔[𝑒𝑥𝑝{𝐿(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1
𝛼 , 𝑟2

𝛼 , … . . , 𝑟𝑛
𝛼)))}] + 𝑙𝑜𝑔 {1 +

𝐿(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1
𝛼 , 𝑟2

𝛼 , … . . , 𝑟𝑛
𝛼)))

𝑒𝑥𝑝(𝜇𝑟1
𝛼𝑟2

𝛼… . . 𝑟𝑛
𝛼)

} 

𝑙𝑜𝑔[2]𝑀ℎ
−1𝜇𝑓𝑜𝑔(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1

𝛼 , 𝑟2
𝛼 , … . . , 𝑟𝑛

𝛼)))

> 𝑂(1) + (𝑟1
𝛼𝑟2

𝛼… . . 𝑟𝑛
𝛼)  + 𝐿(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1

𝛼 , 𝑟2
𝛼 , … . . , 𝑟𝑛

𝛼)))

+ 𝑙𝑜𝑔 [
1

𝑒𝑥𝑝{𝐿(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1
𝛼 , 𝑟2

𝛼 , … . . , 𝑟𝑛
𝛼)))}

+
𝐿(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1

𝛼 , 𝑟2
𝛼 , … . . , 𝑟𝑛

𝛼)))

𝑒𝑥𝑝{𝐿(𝑒𝑥𝑝(𝑟1
𝛼 , 𝑟2

𝛼 , … . . , 𝑟𝑛
𝛼))}𝑒𝑥𝑝(𝑟1

𝛼𝑟2
𝛼… . . 𝑟𝑛

𝛼)
] 

𝑖. 𝑒. ,   𝑙𝑜𝑔[2]𝑀ℎ
−1𝜇𝑓𝑜𝑔(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1

𝛼 , 𝑟2
𝛼 , … . . , 𝑟𝑛

𝛼)))

> 𝑂(1) + (𝑟1
𝛼−𝛽

𝑟2
𝛼−𝛽

… . . 𝑟𝑛
𝛼−𝛽

) (𝑟1
𝛽
. 𝑟2
𝛽
… . 𝑟𝑛

𝛽
) + 𝐿(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1

𝛼 , 𝑟2
𝛼 , … . , 𝑟𝑛

𝛼))). 

again we have for all sufficiently large values of  𝑟1, 𝑟2, …… , 𝑟𝑛 that 

𝑙𝑜𝑔 𝜇ℎ
−1𝜇𝑓 (𝑒𝑥𝑝 (𝑟1

𝛽
, 𝑟2
𝛽
, … . . , 𝑟𝑛

𝛽
)) ≤ ( nv 𝜌ℎ

𝐿∗(𝑓) + 𝜀) 𝑙𝑜𝑔 {𝑒𝑥𝑝 (𝑟1
𝛽
. 𝑟2
𝛽
… . . 𝑟𝑛

𝛽
) 𝑒

𝐿(𝑒𝑥𝑝(𝑟1
𝛽
,𝑟2
𝛽
,…..,𝑟𝑛

𝛽
))
} 

𝑙𝑜𝑔 𝜇ℎ
−1𝜇𝑓 (𝑒𝑥𝑝 (𝑟1

𝛽
, 𝑟2
𝛽
, … . . , 𝑟𝑛

𝛽
)) ≤ ( nv 𝜌ℎ

𝐿∗(𝑓) + 𝜀) {𝑙𝑜𝑔 𝑒𝑥𝑝 (𝑟1
𝛽
. 𝑟2
𝛽
… . 𝑟𝑛

𝛽
) + 𝐿 (𝑒𝑥𝑝 (𝑟1

𝛽
, 𝑟2
𝛽
, … . . , 𝑟𝑛

𝛽
))}   

𝑙𝑜𝑔 𝜇ℎ
−1𝜇𝑓 (𝑒𝑥𝑝 (𝑟1

𝛽
, 𝑟2
𝛽
, … . . , 𝑟𝑛

𝛽
)) ≤ ( nv 𝜌ℎ

𝐿∗(𝑓) + 𝜀) {(𝑟1
𝛽
. 𝑟2
𝛽
… . 𝑟𝑛

𝛽
) + 𝐿 (𝑒𝑥𝑝 (𝑟1

𝛽
, 𝑟2
𝛽
, … . . , 𝑟𝑛

𝛽
))} 
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𝑖. 𝑒. , (6)     
𝑙𝑜𝑔 𝜇ℎ

−1𝜇𝑓 (𝑒𝑥𝑝 (𝑟1
𝛽
. 𝑟2
𝛽
… . 𝑟𝑛

𝛽
)) − ( nv 𝜌ℎ

𝐿∗(𝑓) + 𝜀)𝐿 (𝑒𝑥𝑝 (𝑟1
𝛽
, 𝑟2
𝛽
, … . . , 𝑟𝑛

𝛽
))

nv 𝜌ℎ
𝐿∗(𝑓) + 𝜀

≤ 𝑟1
𝛽
𝑟2
𝛽
… . . 𝑟𝑛

𝛽
 

Now from (5) and (6), it follows for all sufficiently large values of  𝑟1, 𝑟2, …… , 𝑟𝑛 that  

𝑖. 𝑒. , (7)        𝑙𝑜𝑔[2] 𝜇ℎ
−1𝜇𝑓𝑜𝑔(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1

𝛼 , 𝑟2
𝛼 , … . . , 𝑟𝑛

𝛼)))

≥ 𝑂(1)

+ (
𝑟1
𝛼−𝛽

𝑟2
𝛼−𝛽

… . . 𝑟𝑛
𝛼−𝛽

nv 𝜌ℎ
𝐿∗(𝑓) + 𝜀

) [𝑙𝑜𝑔 𝜇ℎ
−1𝜇𝑓 (𝑒𝑥𝑝 (𝑟1

𝛽
, 𝑟2
𝛽
, … . . , 𝑟𝑛

𝛽
))

− ( nv 𝜌ℎ
𝐿∗(𝑓) + 𝜀) 𝐿 (𝑒𝑥𝑝 (𝑟1

𝛽
. 𝑟2
𝛽
… . 𝑟𝑛

𝛽
))] + 𝐿(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1

𝛼 , 𝑟2
𝛼 , … . . , 𝑟𝑛

𝛼))). 

𝑖. 𝑒. , (8)      
𝑙𝑜𝑔[2] 𝜇ℎ

−1𝜇𝑓𝑜𝑔(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1
𝛼 , 𝑟2

𝛼 , … . . , 𝑟𝑛
𝛼)))

𝑙𝑜𝑔 𝜇ℎ
−1𝜇𝑓 (𝑒𝑥𝑝 (𝑟1

𝛽
, 𝑟2
𝛽
, … . . , 𝑟𝑛

𝛽
))

≥
𝐿(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1

𝛼 , 𝑟2
𝛼 , … . . , 𝑟𝑛

𝛼))) + 𝑂(1)

𝑙𝑜𝑔 𝜇ℎ
−1𝜇𝑓 (𝑒𝑥𝑝 (𝑟1

𝛽
, 𝑟2
𝛽
, … . . , 𝑟𝑛

𝛽
))

+
𝑟1
(𝛼−𝛽)

𝑟2
(𝛼−𝛽)

… . . 𝑟𝑛
(𝛼−𝛽)

nv 𝜌ℎ
𝐿∗(𝑓) + 𝜀

{1 −
( nv 𝜌ℎ

𝐿∗(𝑓) + 𝜀) 𝐿 (𝑒𝑥𝑝 (𝑟1
𝛽
, 𝑟2
𝛽
, … . . , 𝑟𝑛

𝛽
))

𝑙𝑜𝑔 𝜇ℎ
−1𝜇𝑓 (𝑒𝑥𝑝 (𝑟1

𝛽
, 𝑟2
𝛽
, … . . , 𝑟𝑛

𝛽
))

} 

again from (7) we get for all sufficiently large values of  𝑟1, 𝑟2, …… , 𝑟𝑛 that   

   
𝑙𝑜𝑔[2] 𝜇ℎ

−1𝜇𝑓𝑜𝑔(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1
𝛼 , 𝑟2

𝛼 , … . . , 𝑟𝑛
𝛼)))

𝑙𝑜𝑔 𝜇ℎ
−1𝜇𝑓 (𝑒𝑥𝑝 (𝑟1

𝛽
, 𝑟2
𝛽
, … . . , 𝑟𝑛

𝛽
)) + 𝐿(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1

𝛼 , 𝑟2
𝛼 , … . . , 𝑟𝑛

𝛼)))

≥
𝑂(1) + (𝑟1

(𝛼−𝛽)
𝑟2
(𝛼−𝛽)

… . . 𝑟𝑛
(𝛼−𝛽)

)𝐿 𝑒𝑥𝑝 (𝑟1
𝛽
, 𝑟2
𝛽
, … . . , 𝑟𝑛

𝛽
)

𝑙𝑜𝑔 𝜇ℎ
−1𝜇𝑓 (𝑒𝑥𝑝 (𝑟1

𝛽
, 𝑟2
𝛽
, … . . , 𝑟𝑛

𝛽
)) + 𝐿(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1

𝛼 , 𝑟2
𝛼 , … . . , 𝑟𝑛

𝛼)))

+

(
𝑟1
(𝛼−𝛽)

𝑟2
(𝛼−𝛽)

… . . 𝑟𝑛
(𝛼−𝛽)

nv 𝜌ℎ
𝐿∗(𝑓) + 𝜀

) 𝑙𝑜𝑔 𝜇ℎ
−1𝜇𝑓 ((𝑒𝑥𝑝 (𝑟1

𝛽
, 𝑟2
𝛽
, … . . , 𝑟𝑛

𝛽
))

𝑙𝑜𝑔 𝜇ℎ
−1𝜇𝑓 (𝑒𝑥𝑝 (𝑟1

𝛽
, 𝑟2
𝛽
, … . . , 𝑟𝑛

𝛽
)) + 𝐿(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1

𝛼 , 𝑟2
𝛼 , … . . , 𝑟𝑛

𝛼)))

+
𝐿(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1

𝛼 , 𝑟2
𝛼 , … . . , 𝑟𝑛

𝛼)))

𝑙𝑜𝑔 𝜇ℎ
−1𝜇𝑓 (𝑒𝑥𝑝 (𝑟1

𝛽
, 𝑟2
𝛽
, … . . , 𝑟𝑛

𝛽
)) + 𝐿(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1

𝛼 , 𝑟2
𝛼 , … . . , 𝑟𝑛

𝛼)))
 

𝑖. 𝑒.   (9)       
𝑙𝑜𝑔[2] 𝜇ℎ

−1𝜇𝑓𝑜𝑔(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1
𝛼,𝑟2

𝛼,…..,𝑟𝑛
𝛼)))

𝑙𝑜𝑔𝜇ℎ
−1𝜇𝑓(𝑒𝑥𝑝(𝑟1

𝛽
,𝑟2
𝛽
,…..,𝑟𝑛

𝛽
))+𝐿(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1

𝛼,𝑟2
𝛼,…..,𝑟𝑛

𝛼)))
≥

𝑂(1)+(𝑟1
(𝛼−𝛽)

𝑟2
(𝛼−𝛽)

…..𝑟𝑛
(𝛼−𝛽)

)𝐿 𝑒𝑥𝑝(𝑟1
𝛽
,𝑟2
𝛽
,…..,𝑟𝑛

𝛽
)

𝐿(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1
𝛼,𝑟2

𝛼,…..,𝑟𝑛
𝛼)))

𝑙𝑜𝑔𝜇ℎ
−1𝜇𝑓(𝑒𝑥𝑝(𝑟1

𝛽
,𝑟2
𝛽
,…..,𝑟𝑛

𝛽
))

𝐿(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1
𝛼,𝑟2

𝛼,…..,𝑟𝑛
𝛼)))

+

𝑟1
(𝛼−𝛽)

𝑟2
(𝛼−𝛽)

…..𝑟𝑛
(𝛼−𝛽)

nv
𝜌ℎ
𝐿∗(𝑓)+𝜀

1+
𝐿(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1

𝛼,𝑟2
𝛼,…..,𝑟𝑛

𝛼)))

𝑙𝑜𝑔𝜇ℎ
−1𝜇𝑓(𝑒𝑥𝑝(𝑟1

𝛽
,𝑟2
𝛽
,…..,𝑟𝑛

𝛽
))

+
1

1+
𝑙𝑜𝑔𝜇ℎ

−1𝜇𝑓(𝑒𝑥𝑝(𝑟1
𝛽
,𝑟2
𝛽
,…..,𝑟𝑛

𝛽
))

𝐿(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1
𝛼,𝑟2

𝛼,…..,𝑟𝑛
𝛼)))

   

𝑪𝒂𝒔𝒆 𝑰. If 𝑟1
𝛽
𝑟2
𝛽
… . . 𝑟𝑛

𝛽
= 𝑂{𝐿(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1

𝛼 , 𝑟2
𝛼 , … . . , 𝑟𝑛

𝛼)))} then it follows from (8) that 

𝑙𝑖𝑚
𝑟1,𝑟2,……,𝑟𝑛→∞

𝑙𝑜𝑔[2] 𝜇ℎ
−1𝜇𝑓𝑜𝑔(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1

𝛼 , 𝑟2
𝛼 , … . . , 𝑟𝑛

𝛼)))

𝑙𝑜𝑔 𝜇ℎ
−1𝜇𝑓 (𝑒𝑥𝑝 (𝑟1

𝛽
, 𝑟2
𝛽
, … . . , 𝑟𝑛

𝛽
))

= ∞, 

𝑪𝒂𝒔𝒆 𝑰𝑰. 𝑟1
𝛽
𝑟2
𝛽
… . . 𝑟𝑛

𝛽
≠ 𝑂{𝐿(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1

𝛼 , 𝑟2
𝛼 , … . . , 𝑟𝑛

𝛼)))} then the following two sub cases. 

Subcase (a) If 𝐿(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1
𝛼 , 𝑟2

𝛼 , … . . , 𝑟𝑛
𝛼))) = 𝑂 {𝑙𝑜𝑔 𝜇ℎ

−1𝜇𝑓 (𝑒𝑥𝑝 (𝑟1
𝛽
, 𝑟2
𝛽
, … . . , 𝑟𝑛

𝛽
))}, then we get from (9) that 
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𝑙𝑖𝑚
𝑟1,𝑟2,……,𝑟𝑛→∞

𝑙𝑜𝑔[2] 𝜇ℎ
−1𝜇𝑓𝑜𝑔(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1

𝛼 , 𝑟2
𝛼 , … . . , 𝑟𝑛

𝛼)))

𝑙𝑜𝑔 𝜇ℎ
−1𝜇𝑓 (𝑒𝑥𝑝 (𝑟1

𝛽
, 𝑟2
𝛽
, … . . , 𝑟𝑛

𝛽
)) + 𝐿(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1

𝛼 , 𝑟2
𝛼 , … . . , 𝑟𝑛

𝛼)))
= ∞, 

Subcase (b) If 𝐿(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1
𝛼 , 𝑟2

𝛼 , … . . , 𝑟𝑛
𝛼)))~ 𝑙𝑜𝑔 𝜇ℎ

−1𝜇𝑓 (𝑒𝑥𝑝 (𝑟1
𝛽
, 𝑟2
𝛽
, … . . , 𝑟𝑛

𝛽
)) then  

𝑙𝑖𝑚
𝑟1,𝑟2,……,𝑟𝑛→∞

𝐿(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1
𝛼,𝑟2

𝛼,…..,𝑟𝑛
𝛼)))

𝑙𝑜𝑔𝜇ℎ
−1𝜇𝑓(𝑒𝑥𝑝(𝑟1

𝛽
,𝑟2
𝛽
,…..,𝑟𝑛

𝛽
))
= 1 and we obtain from (9)  

𝑙𝑖𝑚
𝑟1,𝑟2,……,𝑟𝑛→∞

𝑖𝑛𝑓
𝑙𝑜𝑔[2] 𝜇ℎ

−1𝜇𝑓𝑜𝑔(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1
𝛼 , 𝑟2

𝛼 , … . . , 𝑟𝑛
𝛼)))

𝑙𝑜𝑔 𝜇ℎ
−1𝜇𝑓 (𝑒𝑥𝑝 (𝑟1

𝛽
, 𝑟2
𝛽
, … . . , 𝑟𝑛

𝛽
)) + 𝐿(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1

𝛼 , 𝑟2
𝛼 , … . . , 𝑟𝑛

𝛼)))
= ∞, 

combining case I and case II we obtain that 

𝑙𝑖𝑚
𝑟1,𝑟2,……,𝑟𝑛→∞

𝑙𝑜𝑔[2] 𝜇ℎ
−1𝜇𝑓𝑜𝑔(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1

𝛼 , 𝑟2
𝛼 , … . . , 𝑟𝑛

𝛼)))

𝑙𝑜𝑔 𝜇ℎ
−1𝜇𝑓 (𝑒𝑥𝑝 (𝑟1

𝛽
, 𝑟2
𝛽
, … . . , 𝑟𝑛

𝛽
)) + 𝐿(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1

𝛼 , 𝑟2
𝛼 , … . . , 𝑟𝑛

𝛼)))
= ∞, 

( )LrKvn ,,
= {

0, 𝑖𝑓 𝑟1
𝜇
𝑟2
𝜇
. . 𝑟𝑛

𝜇
= 𝑂 {𝐿 (𝑒𝑥𝑝(𝑒𝑥𝑝(𝑟1

𝛼 , 𝑟2
𝛼 , … . . , 𝑟𝑛

𝛼)))}

 𝑎𝑠 𝑟1, 𝑟2, …… , 𝑟𝑛 → ∞

𝐿(𝑒𝑥𝑝 (𝑒𝑥𝑝(𝑟1
𝛼 , 𝑟2

𝛼 , … . . , 𝑟𝑛
𝛼)))  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.

  

this proves the theorem. 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝑭.  Let 𝑓 , 𝑔  and ℎ  be any three entire functions of several complex variables such that   nv 𝜌𝑔
𝐿∗ <

nv 𝜆ℎ
𝐿∗(𝑓) ≤ nv 𝜌ℎ

𝐿∗(𝑓) < ∞. Then for any 𝛽 > 1, 

𝑙𝑖𝑚
𝑟1,𝑟2,……,𝑟𝑛→∞

𝑙𝑜𝑔 𝜇ℎ
−1 nv 𝜇𝑓𝑜𝑔(𝑟)

𝑙𝑜𝑔 𝜇ℎ
−1 nv 𝜇𝑓(𝑟). nv 𝑘(𝑟, 𝑔, 𝐿)

= 0. 

( )LgrKvn ;,
=

{
 
 

 
 1, 𝑖𝑓 𝐿 (𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛)) = 0{𝑟1

𝛼𝑟2
𝛼… . . 𝑟𝑛

𝛼  𝑒𝛼𝐿(𝑟1,𝑟2,……,𝑟𝑛)}

𝑎𝑠 𝑟1, 𝑟2, …… , 𝑟𝑛 → ∞ 𝑎𝑛𝑑 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝛼 < nv 𝜆ℎ
𝐿∗(𝑓)

𝐿 (𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛)) , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.         

 

𝑷𝒓𝒐𝒐𝒇.  Taking 𝑅1 = 𝛽𝑟1, 𝑅2 = 𝛽𝑟2, … . . , 𝑅𝑛 = 𝛽𝑟𝑛  in lemma (1) and in view of lemma (5) we have for all 

sufficiently large values 𝑟1, 𝑟2, …… , 𝑟𝑛 that  

nv 𝜇𝑓𝑜𝑔(𝑟) ≤ (
𝛼

𝛼 − 1
)𝜇𝑓 (

𝛼𝛽

(𝛽 − 1)
𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛)) 

𝑖. 𝑒.,    nv 𝜇𝑓𝑜𝑔(𝑟) ≤ 𝜇𝑓 (
2𝛼2𝛽

(𝛼−1)(𝛽−1)
𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛)) 

Since 𝜇ℎ
−1 is an increasing function, it follows from above for all sufficiently large values of 𝑟1, 𝑟2, …… , 𝑟𝑛 that 

𝜇ℎ
−1 nv 𝜇𝑓𝑜𝑔(𝑟) ≤ 𝜇ℎ

−1𝜇𝑓 (
2𝛼2𝛽

(𝛼 − 1)(𝛽 − 1)
𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛)) 

𝑖. 𝑒.,      𝑙𝑜𝑔 𝜇ℎ
−1 nv 𝜇𝑓𝑜𝑔(𝑟) ≤ 𝑙𝑜𝑔 𝜇ℎ

−1𝜇𝑓 (
2𝛼2𝛽

(𝛼−1)(𝛽−1)
𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛)) 

𝑖. 𝑒. ,   𝑙𝑜𝑔 𝜇ℎ
−1 nv 𝜇𝑓𝑜𝑔(𝑟) ≤ ( nv 𝜌ℎ

𝐿∗(𝑓) + 𝜀) [𝑙𝑜𝑔 𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛)𝑒
𝐿(

2𝛼2𝛽

(𝛼−1)(𝛽−1)
𝜇𝑔(𝛽𝑟1,𝛽𝑟2,…..,𝛽𝑟𝑛))

+ 𝑂(1)]    

𝑖. 𝑒. , (10)   𝑙𝑜𝑔 𝜇ℎ
−1 nv 𝜇𝑓𝑜𝑔(𝑟) ≤  ( nv 𝜌ℎ

𝐿∗(𝑓) + 𝜀) [𝑙𝑜𝑔 𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛) 𝐿 (𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛)) + 𝑂(1)] 
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𝑖. 𝑒. ,     𝑙𝑜𝑔 𝜇ℎ
−1 nv 𝜇𝑓𝑜𝑔(𝑟)

≤  ( nv 𝜌ℎ
𝐿∗(𝑓) + 𝜀) [{(𝛽𝑛𝑟1𝑟2… . 𝑟𝑛)𝑒

𝐿(𝛽𝑟1,𝛽𝑟2,….,𝛽𝑟𝑛)}
( nv

𝜌𝑔
𝐿∗(𝑓)+𝜀)

+ 𝐿 (𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . , 𝛽𝑟𝑛))

+ 𝑂(1)] 

𝑖. 𝑒. , (11)        𝑙𝑜𝑔 𝜇ℎ
−1 nv 𝜇𝑓𝑜𝑔(𝑟)

≤  ( nv 𝜌ℎ
𝐿∗(𝑓) + 𝜀) [{(𝛽𝑛𝑟1𝑟2… . . 𝑟𝑛)𝑒

𝐿(𝑟1,𝑟2,……,𝑟𝑛)}
( nv

𝜌𝑔
𝐿∗(𝑓)+𝜀)

+ 𝐿 (𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛))] 

also we obtain for all sufficiently large values of 𝑟1, 𝑟2, …… , 𝑟𝑛 that 

𝑙𝑜𝑔 𝜇ℎ
−1 nv 𝜇(𝑟) ≥ ( nv 𝜆ℎ

𝐿∗(𝑓) − 𝜀) 𝑙𝑜𝑔[(𝑟1𝑟2… . . 𝑟𝑛)𝑒
𝐿(𝑟1,𝑟2,……,𝑟𝑛)] 

𝑖. 𝑒. ,     𝑙𝑜𝑔 𝜇ℎ
−1 nv 𝜇(𝑟) ≥ ( nv 𝜆ℎ

𝐿∗(𝑓) − 𝜀) 𝑙𝑜𝑔[(𝑟1𝑟2… . . 𝑟𝑛)𝑒
𝐿(𝑟1,𝑟2,……,𝑟𝑛)] 

𝑖. 𝑒. , (12)         𝜇ℎ
−1 nv 𝜇(𝑟) ≥   [(𝑟1𝑟2… . . 𝑟𝑛)𝑒

𝐿(𝑟1,𝑟2,……,𝑟𝑛)]
( nv

𝜆ℎ
𝐿∗(𝑓)−𝜀)

 

now from (11) and (12) we get for all sufficiently large values of 𝑟1, 𝑟2, …… , 𝑟𝑛 that 

 (13)         
𝑙𝑜𝑔 𝜇ℎ

−1 nv 𝜇𝑓𝑜𝑔(𝑟)

𝜇ℎ
−1 nv 𝜇(𝑟)

 

≤

( nv 𝜌ℎ
𝐿∗(𝑓) + 𝜀) [{(𝛽𝑟1𝑟2… . . 𝑟𝑛)𝑒

𝐿(𝑟1,𝑟2,……,𝑟𝑛)}
( nv

𝜌ℎ
𝐿∗(𝑓)+𝜀)

+ 𝐿 (𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛))]

[(𝑟1𝑟2… . . 𝑟𝑛)𝑒
𝐿(𝑟1,𝑟2,……,𝑟𝑛)]

( nv
𝜆ℎ
𝐿∗(𝑓)−𝜀)

   

since  nv 𝜌ℎ
𝐿∗ < nv 𝜆ℎ

𝐿∗(𝑓) , we can choose 𝜀(> 0) 

(14)          nv 𝜌𝑔
𝐿∗ + 𝜀 < nv 𝜆𝑔

𝐿∗ − 𝜀.  

𝑪𝒂𝒔𝒆 𝑰. Let  𝐿 (𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛)) = 𝑂{(𝑟1
𝛼𝑟2

𝛼… . . 𝑟𝑛
𝛼) 𝑒𝛼𝐿(𝑟1,𝑟2,……,𝑟𝑛)} 

𝑎𝑠 𝑟1, 𝑟2, …… , 𝑟𝑛 → ∞ 𝑎𝑛𝑑 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝛼 < nv 𝜆ℎ
𝐿∗(𝑓) 

as 𝛼 < nv 𝜆ℎ
𝐿∗(𝑓) we can choose 𝜀(> 0) in such way 

(15)         𝛼 < nv 𝜆ℎ
𝐿∗(𝑓) 

since  𝐿 (𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛)) = 𝑂{(𝑟1
𝛼𝑟2

𝛼… . . 𝑟𝑛
𝛼) 𝑒𝛼𝐿(𝑟1,𝑟2,……,𝑟𝑛)} 

𝑎𝑠 𝑟1, 𝑟2, …… , 𝑟𝑛 → ∞ 𝑤𝑒 𝑔𝑒𝑡 𝑜𝑛 𝑢𝑠𝑖𝑛𝑔 (15) 

𝐿 (𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛))

(𝑟1
𝛼𝑟2

𝛼… . . 𝑟𝑛
𝛼)𝑒𝛼𝐿(𝑟1,𝑟2,……,𝑟𝑛)

→ 0 𝑎𝑠 𝑟1, 𝑟2, …… , 𝑟𝑛 → ∞  

𝑖. 𝑒. , (16)        
𝐿 (𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛))

[(𝑟1
𝛼𝑟2

𝛼… . . 𝑟𝑛
𝛼) 𝑒𝛼𝐿(𝑟1,𝑟2,……,𝑟𝑛)]

( nv
𝜆ℎ
𝐿∗(𝑓)−𝜀)

→ 0 𝑎𝑠 𝑟1, 𝑟2, …… , 𝑟𝑛 → ∞  

now in view of (13), (14) and (16) we obtain  

(17)       𝑙𝑖𝑚
𝑟1,𝑟2,……,𝑟𝑛→∞

𝑙𝑜𝑔 𝜇ℎ
−1 nv 𝜇𝑓𝑜𝑔(𝑟)

𝜇ℎ
−1 nv 𝜇𝑓(𝑟)

= 0. 

𝑪𝒂𝒔𝒆 𝑰𝑰. If  𝐿 (𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛)) ≠ 𝑂{(𝑟1
𝛼𝑟2

𝛼… . . 𝑟𝑛
𝛼) 𝑒𝛼𝐿(𝑟1,𝑟2,……,𝑟𝑛)} 
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𝑎𝑠 𝑟1, 𝑟2, …… , 𝑟𝑛 → ∞ 𝑎𝑛𝑑 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝛼 < nv 𝜆ℎ
𝐿∗(𝑓)  then we get from (13) that for a sequence of values of 

𝑟1, 𝑟2, …… , 𝑟𝑛 tending to infinity. 

𝑙𝑜𝑔 𝜇ℎ
−1 nv 𝜇𝑓𝑜𝑔(𝑟)

𝜇ℎ
−1 nv 𝜇𝑓(𝑟). 𝐿 (𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . , 𝛽𝑟𝑛))

   

≤
( nv 𝜌ℎ

𝐿∗(𝑓) + 𝜀) [(𝑟1𝑟2… . 𝑟𝑛)𝑒
𝐿(𝑟1,𝑟2,…,𝑟𝑛)]

( nv
𝜌ℎ
𝐿∗(𝑓)+𝜀)

[(𝑟1𝑟2… . . 𝑟𝑛)𝑒
𝐿(𝑟1,𝑟2,…,𝑟𝑛)]

( nv
𝜆ℎ
𝐿∗(𝑓)−𝜀)

. 𝐿 (𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … , 𝛽𝑟𝑛))

 

+
( nv 𝜌ℎ

𝐿∗(𝑓) + 𝜀)

[(𝑟1𝑟2… . . 𝑟𝑛)𝑒
𝐿(𝑟1,𝑟2,……,𝑟𝑛)]

( nv
𝜆ℎ
𝐿∗(𝑓)−𝜀)

 

now using (14) it follows from (17) 

(18)       𝑙𝑖𝑚
𝑟1,𝑟2,……,𝑟𝑛→∞

𝑙𝑜𝑔 𝜇ℎ
−1 nv 𝜇𝑓𝑜𝑔(𝑟)

𝜇ℎ
−1 nv 𝜇𝑓(𝑟). 𝐿 (𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛))

= 0. 

combining (17) and (18) we obtain 

𝑙𝑖𝑚
𝑟1,𝑟2,……,𝑟𝑛→∞

𝑙𝑜𝑔 𝜇ℎ
−1 nv 𝜇𝑓𝑜𝑔(𝑟)

𝜇ℎ
−1 nv 𝜇𝑓(𝑟). 𝐿 (𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛))

= 0 

where 

( )LgrKvn ;,
=

{
 
 

 
 1, 𝑖𝑓 𝐿 (𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛)) = 𝑂{(𝑟1

𝛼𝑟2
𝛼… . . 𝑟𝑛

𝛼) 𝑒𝛼𝐿(𝑟1,𝑟2,……,𝑟𝑛)}

𝑎𝑠 𝑟1, 𝑟2, …… , 𝑟𝑛 → ∞ 𝑎𝑛𝑑 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝛼 < nv 𝜆ℎ
𝐿∗(𝑓) 

𝐿 (𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛)) , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.         

 

thus the theorem is established. 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝑮. Let 𝑓 , 𝑔  and ℎ  be any three entire functions of several complex variables such that  nv 𝜌ℎ
𝐿∗(𝑓) <

∞, nv 𝜆ℎ
𝐿∗(𝑔) > 0 𝑎𝑛𝑑 nv 𝜌𝑔

𝐿∗ < ∞. Then for any 𝛽 > 1,  

(𝒂) if 𝐿 (𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛)) = 0 {𝑙𝑜𝑔 𝜇ℎ
−1 nv 𝜇𝑔(𝑟)} then 

𝑙𝑖𝑚
𝑟1,𝑟2,……,𝑟𝑛→∞

𝑠𝑢𝑝
𝑙𝑜𝑔[2] 𝜇ℎ

−1 nv 𝜇𝑓𝑜𝑔(𝑟)

𝑙𝑜𝑔 𝜇ℎ
−1 nv 𝜇𝑔(𝑟) + 𝐿 (𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛))

≤
nv 𝜌𝑔

𝐿∗

nv 𝜆ℎ
𝐿∗(𝑔)

 

 (𝒃) if 𝑙𝑜𝑔 𝜇ℎ
−1 nv 𝜇𝑔(𝑟) = 0 {𝐿 (𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛))} then 

𝑙𝑖𝑚
𝑟1,𝑟2,……,𝑟𝑛→∞

𝑙𝑜𝑔[2] 𝜇ℎ
−1 nv 𝜇𝑓𝑜𝑔(𝑟)

𝑙𝑜𝑔 𝜇ℎ
−1 nv 𝜇𝑔(𝑟) + 𝐿 (𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛))

= 0 

𝑷𝒓𝒐𝒐𝒇. Taking 𝑙𝑜𝑔 {1 +
𝑙𝑜𝑔[2] 𝜇ℎ

−1 nv
𝜇𝑓𝑜𝑔(𝑟)

𝑙𝑜𝑔𝜇𝑔(𝛽𝑟1,𝛽𝑟2,…..,𝛽𝑟𝑛)
~
𝑂(1)+𝐿(𝜇𝑔(𝛽𝑟1,𝛽𝑟2,…..,𝛽𝑟𝑛))

𝑙𝑜𝑔𝜇𝑔(𝛽𝑟1,𝛽𝑟2,…..,𝛽𝑟𝑛)
} 

we have from (10) for all sufficiently large values of  𝑟1, 𝑟2, …… , 𝑟𝑛  

𝑙𝑜𝑔[2] 𝜇ℎ
−1 nv 𝜇𝑓𝑜𝑔(𝑟) ≤ ( nv 𝜌ℎ

𝐿∗(𝑓) + 𝜀) . 𝑙𝑜𝑔 𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛) [1 +
𝑂(1) + 𝐿 (𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛))

𝑙𝑜𝑔 𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛)
] 
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𝑖. 𝑒. ,     𝑙𝑜𝑔[2] 𝜇ℎ
−1 nv 𝜇𝑓𝑜𝑔(𝑟) ≤ 𝑙𝑜𝑔 ( nv 𝜌ℎ

𝐿∗(𝑓) + 𝜀)

+ 𝑙𝑜𝑔[2] 𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛) + 𝑙𝑜𝑔 [1 +
𝑂(1) + 𝐿 (𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛))

𝑙𝑜𝑔 𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛)
] 

𝑖. 𝑒. ,    𝑙𝑜𝑔[2] 𝜇ℎ
−1 nv 𝜇𝑓𝑜𝑔(𝑟) ≤ 𝑙𝑜𝑔 ( nv 𝜌ℎ

𝐿∗(𝑓) + 𝜀) + ( nv 𝜌ℎ
𝐿∗(𝑓) + 𝜀) 𝑙𝑜𝑔[(𝑟1𝑟2… . . 𝑟𝑛)𝑒

𝐿(𝛽𝑟1,𝛽𝑟2,…..,𝛽𝑟𝑛)]

+ 𝑙𝑜𝑔 {1 +
𝑂(1) + 𝐿 (𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛))

𝑙𝑜𝑔 𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛)
} 

𝑖. 𝑒. ,     𝑙𝑜𝑔[2] 𝜇ℎ
−1 nv 𝜇𝑓𝑜𝑔(𝑟) ≤ 𝑙𝑜𝑔 ( nv 𝜌ℎ

𝐿∗ + 𝜀) + ( nv 𝜌𝑔
𝐿∗(𝑓) + 𝜀) 𝑙𝑜𝑔(𝛽𝑛𝑟1𝑟2… . . 𝑟𝑛𝑒

𝐿(𝑟1,𝑟2,…..,𝑟𝑛))

+ 𝑙𝑜𝑔 {1 +
𝑂(1) + 𝐿 (𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛))

𝑙𝑜𝑔 𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛)
} 

𝑖. 𝑒. ,     𝑙𝑜𝑔[2] 𝜇ℎ
−1 nv 𝜇𝑓𝑜𝑔(𝑟) ≤ 𝑂(1) + ( nv 𝜌𝑔

𝐿∗ + 𝜀)

+ 𝑙𝑜𝑔{(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛) + 𝐿(𝑟1, 𝑟2, … . . , 𝑟𝑛)}+
𝑂(1) + 𝐿 (𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛))

𝑙𝑜𝑔 𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛)
 

𝑖. 𝑒. , (19)       𝑙𝑜𝑔[2] 𝜇ℎ
−1 nv 𝜇𝑓𝑜𝑔(𝑟) ≤ 𝑂(1) + ( nv 𝜌𝑔

𝐿∗ + 𝜀)

+ {𝑙𝑜𝑔(𝑟1. 𝑟2… . . 𝑟𝑛) + 𝐿(𝑟1, 𝑟2, … . . , 𝑟𝑛)} + ( nv 𝜌𝑔
𝐿∗ + 𝜀) 𝑙𝑜𝑔 𝛽+

𝑂(1) + 𝐿 (𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛))

𝑙𝑜𝑔 𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛)
 

again from the definition of relative  𝐿∗ − 𝑙𝑜𝑤𝑒𝑟 𝑜𝑟𝑑𝑒𝑟 of an entire function of several complex variables with 

respect to another entire function of several complex variables in term of their maximum terms we have for all 

sufficiently large values of 𝑟1, 𝑟2, … . . , 𝑟𝑛 → ∞ that 

𝑖. 𝑒. ,     𝑙𝑜𝑔 𝜇ℎ
−1 nv 𝜇𝑔(𝑟) ≥ ( nv 𝜆ℎ

𝐿∗(𝑔) − 𝜀) 𝑙𝑜𝑔[(𝑟1𝑟2… . . 𝑟𝑛)𝑒
𝐿(𝑟1,𝑟2,…..,𝑟𝑛)] 

𝑖. 𝑒. ,     𝑙𝑜𝑔 𝜇ℎ
−1 nv 𝜇𝑔(𝑟) ≥ ( nv 𝜆ℎ

𝐿∗(𝑔) − 𝜀) [𝑙𝑜𝑔((𝑟1𝑟2… . . 𝑟𝑛) + 𝐿(𝑟1, 𝑟2, … . . , 𝑟𝑛))] 

𝑖. 𝑒. , (20)        𝑙𝑜𝑔(𝑟1𝑟2… . . 𝑟𝑛) + 𝐿(𝑟1, 𝑟2, … . . , 𝑟𝑛) ≤
 𝑙𝑜𝑔 𝜇ℎ

−1 nv 𝜇𝑔(𝑟)

( nv 𝜆ℎ
𝐿∗(𝑔) − 𝜀)

 

hence from (19) and (20), it follows for all sufficiently large value of 𝑟1, 𝑟2, … . . , 𝑟𝑛 

𝑙𝑜𝑔[2] 𝜇ℎ
−1 nv 𝜇𝑓𝑜𝑔(𝑟)

≤ 𝑂(1) + (
nv 𝜌𝑔
𝐿∗ + 𝜀

nv 𝜆ℎ
𝐿∗(𝑔) − 𝜀

) 𝑙𝑜𝑔 𝜇ℎ
−1 nv 𝜇𝑔(𝑟)

+ ( nv 𝜌𝑔
𝐿∗ + 𝜀) 𝑙𝑜𝑔 𝛽+

𝑂(1) + 𝐿 (𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛))

𝑙𝑜𝑔 𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛)
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𝑖. 𝑒. ,    
𝑙𝑜𝑔[2] 𝜇ℎ

−1 nv 𝜇𝑓𝑜𝑔(𝑟)

𝑙𝑜𝑔 𝜇ℎ
−1 nv 𝜇𝑔(𝑟) + 𝐿 (𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛))

≤
𝑂(1) + ( nv 𝜌𝑔

𝐿∗ + 𝜀) 𝑙𝑜𝑔 𝛽

𝑙𝑜𝑔 𝜇ℎ
−1 nv 𝜇𝑔(𝑟) + 𝐿 (𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛))

+ (
nv 𝜌𝑔
𝐿∗ + 𝜀

nv 𝜆ℎ
𝐿∗(𝑔) − 𝜀

) .
𝑙𝑜𝑔 𝜇ℎ

−1 nv 𝜇𝑔(𝑟)

𝑙𝑜𝑔 𝜇ℎ
−1 nv 𝜇𝑔(𝑟) + 𝐿 (𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛))

+
𝑂(1) + 𝐿 (𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛))

[𝑙𝑜𝑔 𝜇ℎ
−1 nv 𝜇𝑔(𝑟) + 𝐿 (𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛))] 𝑙𝑜𝑔 𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛)

 

𝑖. 𝑒. , (𝟐𝟏)         
𝑙𝑜𝑔[2] 𝜇ℎ

−1 nv 𝜇𝑓𝑜𝑔(𝑟)

𝑙𝑜𝑔 𝜇ℎ
−1 nv 𝜇𝑔(𝑟) + 𝐿 (𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛))

≤

𝑂(1) + ( nv 𝜌𝑔
𝐿∗ + 𝜀) 𝑙𝑜𝑔 𝛽

𝐿 (𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛))

𝑙𝑜𝑔 𝜇ℎ
−1 nv 𝜇𝑔(𝑟)

𝐿 (𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛))
+ 1

+

nv 𝜌𝑔
𝐿∗ + 𝜀

nv 𝜆ℎ
𝐿∗(𝑔) − 𝜀

1 +
𝐿 (𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛))

𝑙𝑜𝑔 𝜇ℎ
−1 nv 𝜇𝑔(𝑟)

+
1

[1 +
𝑙𝑜𝑔 𝜇ℎ

−1 nv 𝜇𝑔(𝑟)

𝐿 (𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛))
] 𝑙𝑜𝑔 𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛)

 

since  𝐿 (𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … , 𝛽𝑟𝑛)) = 𝑂 {𝑙𝑜𝑔 𝜇ℎ
−1 nv 𝜇𝑔(𝑟)}  𝑎𝑠 𝑟1, 𝑟2, . . . , 𝑟𝑛 → ∞ 𝑎𝑛𝑑 (𝜀 > 0) , 

we obtain from (21) that 

𝑖. 𝑒. , (𝟐𝟐)      𝑙𝑖𝑚
𝑟1,𝑟2,……,𝑟𝑛→∞

𝑠𝑢𝑝
𝑙𝑜𝑔[2] 𝜇ℎ

−1 nv 𝜇𝑓𝑜𝑔(𝑟)

𝑙𝑜𝑔 𝜇ℎ
−1 nv 𝜇𝑔(𝑟) + 𝐿 (𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛))

≤
nv 𝜌𝑔

𝐿∗

nv 𝜆ℎ
𝐿∗(𝑔)

 

again if   𝑙𝑜𝑔 𝜇ℎ
−1 nv 𝜇𝑔(𝑟) = 𝑂 {𝐿 (𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛))}  then from (3.21) we get 

𝑖. 𝑒. , (𝟐𝟑)      𝑙𝑖𝑚
𝑟1,𝑟2,……,𝑟𝑛→∞

𝑙𝑜𝑔[2] 𝜇ℎ
−1 nv 𝜇𝑓𝑜𝑔(𝑟)

𝑙𝑜𝑔 𝜇ℎ
−1 nv 𝜇𝑔(𝑟) + 𝐿 (𝜇𝑔(𝛽𝑟1, 𝛽𝑟2, … . . , 𝛽𝑟𝑛))

= 0 

thus from (22) and (23), the theorems ‘are established. 

𝑨𝒄𝒌𝒏𝒐𝒘𝒍𝒆𝒅𝒈𝒆𝒎𝒆𝒏𝒕. The authors are thankful to the referee for valuable suggestion towards the improvement of 

the paper. 
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