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ABSTRACT

In this paper we have proved a theorem on “Orthogonal Series’of Absolute Banach Summability” which generalizes

known result. However our theorem is as follows.

Theorem: Let {Q(n)} be a positive sequence such that {@} iS a non-increasing sequence and the series

o0
3 L converges and [ 4@ < oo
nQ(n t

0

then the orthogonal series zan ¢n (x) is |B| summable at t = x, provided

n=1

D ki1 = 0(nam),
k
Where 0 < S <y <1
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I. DEFINITIONS AND NOTATIONS

1. Let {S,,} be the sequence of partial sums of a series

Y. ay. Let the sequence {tic (n)}i°_; is defined by

(1.1)
(1.2)

Uniformly for all n € N, then ), u,, is said to be Banach
summability to s.
Further if,

(13) ) It = s (] < o0

k=1
Uniformly for all n € N, then the series }; u,, is said to
be absolute Banach summable or simply
|B| —summable.
2. Let{¢,(x)}be an orthogonal system defined in the
interval(a, b). We suppose that f (x) belongs to 2! (a, b)

te(n) =
llim ty(n) =s

;25;8 Sn+uk EN if
a finite number,
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e.6)
and £ ()~ Y an ¢n (x) bY EP(f), we denote the best

n=0
approximation to f(x) in the metric of 2! by means of
polynomials
n-—1
Zak¢k(x) ie. (2)(f) Zlaklz
k=0
We write AA, = A, — 1,1
2 1 v
glk,t) =— (n
(2.1 wk(k + 1);(n+v)
_g ()
+ U)U B t_z
((2.2) j
JChk,w) = Hlﬁ)dﬁmwa
—w)Fdt

w(k,u) =u’J(k,u)
[x] = greatest integer not exceeding x

229



o= Boae=
I1. INTRODUTION

Ul’yanov [7] has proved the following theorems on
|C, a| summability.

Theorem A:

0
Iflzaz% and > '|ap 2 logp, (loglogn)l*¢  converges,

n=ng
o0

then the series Zan ¢n (x) is summable |C, a| almost
n=1

everywhere.

Theorem B:

o0
1 _
If 0<a<x< 3 and E |an |2 ni—2a logp, (log n)1+8
n=n0

e 0]
converges, then the series zan ¢n (x) is summable

n=1
|C, | almost everywhere.

Theorem C:

1 - -1 1+e [(2) 2
If 1>a> 3 and z n~*(loglogn) {En (f)}
n:no

e 0]
converges, then the series »"ap gy (x) is summable

n=1
|C, | almost everywhere.

Theorem D:

If O<a<% and

508

n=ng

2
n~2%)og,(loglogn)t*e {Eflz)(f)} converges, then the

o0

series zan(ﬁn(x) is summable |C,a| almost
n=1

everywhere.

Generalizing the above theorems Okuyama [6] has
proved the following theorem for |N, p,,| summability of
orthogonal series.

Theorem E:
. Q) .
Let {Q(n)} be a positive sequence such that {T} is a

1
nQ(n)

o0
non-increasing sequence and the series Z

n=1
converges. Let {p,} be non-negative and non-increasing.

o0
If the series Z|an |29(”)Wn converges, then the
n=1

0
orthogonal series zan¢n(x) is summable |N,p,|

n=1
almost everywhere. Where

1 i npl — pi-i (Pn Pn_k)z
w, = — —
k kn:k pﬁ Pn  Pn-k
The main object of this paper is to generalize Theorem

E, for orthogonal series of absolute Banach summability.
We establish our result in the form of following theorem

Theorem:
. Qn) .
Let {Q(n)} be a positive sequence such that {T} is a

1

o0
non-increasing sequence and the series Z o
nQ(n

n=1

converges and

< 00

Tdon(®)
0 tv
0
then the orthogonal series " ap g (x) is |B| summable

n=1
att = x, provided
(3.1) D k410 = 0(nam),
k

Where 0 < S <y < 1.
III. PROOF OF THE THEOREM:

In order to prove the theorem, we have to prove that

o)

D 1) = s (] = 0(1)

k=1

Now taking,
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K
1
te(n) =ty (n) = mz v+ 0)V Py (0)
v=1

Yk vn+v)rF2 fﬂfbn(t)a(t) it

k(k+1)

ztk(k+1)vzzl(n+v) (n

+ )Y 8 %f: (l)n(t)wdt

k
0 2 1 v
= fo n(0) [Fk(k n 1)2 o "

+u)r A==

t
0<pf<y<l=>0<r—f<1

T d
= | 40 ot 0 de

T 4 1 t _
= [ deoeo {6 ateoa
1 (" L
=—f dqb[;(u)f g0 —wf at
= [T depw) {m > [ 5 gk, O)(t —u)P dt}

- f J,u)dp (u0)
¢ﬂ (w)

= f ] (k, )
f e )dqbﬁ(u)

Now,

o o dep(u)
Tialte() — b ()] = [ Tt lo(k,w)] L
since

Tdog(u
f ¢B—v() then the theorem
u .
0 is proved
< 0,

uniformly for all

Zm(k W

u.
Now
Dlotkwl =) lwlewl+ ) okl
k=1 1 1

DRI
z Z 0(w kP~ (n + k)°)

k<—

—0@?) Z KB=1(n + k)°n Q(n)

k<—

= 0(w¥)0(n Q(n)) = 0(1) Using (3.1).

Again,
Z w(k,0)

Z k>_

A ukP~1(n + k)° n Q(n)
B ’; ( (k+1) )

<0 U)Z ukP1(n + k)° n Q(n)

k
k>—
n+k)°k
<0(uv)zkﬁ o)
k>—

=0@W®) Y kKF1(n+k)°nQ(n)

= 0W")0(nQ(n)) =0(1)

This completes the proof of the theorem.

IV. REFERENCES

[1] Banach, S,
monograffe, Malematyezne, Warsaw (1932).
[2] Bosanquet, L.S. and Hyslop, J.M., On the absolute

Theoric dis operations Lineairs

summability of the allied series of the Fourier series,
Mathematics Zeitsehrift, 42(1937), 489-512.

[3] Hardy, G.H., Divergent Series, Oxford University
Press, Oxford, (1949).

[4] Lal, S.N., On the Absolute N6rlund summability of
Fourier Series,
9(1967), 151-161.

Indian Journal of Mathematics,

International Journal of Scientific Research in Science, Engineering and Technology (ijsrset.com)



[5] Leinder, L., Uberstrukturbe dingungen fiir
Fourierahen, Math, Zeitsner’s 88(1965), 418-431.

[6] Paikray,S.K., Misra,U.K. and Sahoo,N.C., Absolute
banach summability of a factored Fourier series
IJRRAS (2011),3-7.

[7] Okuyama, Y., On the Absolute Norlund
summability of orthogonal series, proc., Japan
Academy, Vol. 54, Ser A. No. 5, (1978), 113-118.

[8] Ul’yanov, P.L., Solved and unsolved problem in the
theory of trigonometric and orthogonal series,
Uspehi, Math., nauk (1964), 3-69.

[9] Zygmund, A., Trigonometric series vol | and Il
(lind), Cambridge University Press, Cambridge
(1959).

International Journal of Scientific Research in Science, Engineering and Technology (ijsrset.com)



