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equipped with

a non-symmetric connection. R - Curvature collineation and Ricci- Collineation

have also been studied in the above context and new results have been obtained.

Ricci-
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I. INTRODUCTION

Davies [1] has studied the generalization of the Lie-
derivatives to the Finsler space F,", and its application
to the theory of subspaces. By considering the
infinitesimal point transformation it =xt 4 vt (x)dt,
Rund, [2] and Yano, [3] have defined the Lie-
derivatives of an arbitrary vector X'(x,%) and the
symmetric connection parameter I},’Zi(x, x) . Katzin,
Levine and Davis [4] have defined the curvature
collineation in a Riemannian space and have studied its
properties. They developed that a Riemannian space
V;, , admits a curvature collineation provided that there
exists a vector v'(x) such that va}kh = 0 where R}kh
is the Riemannian curvature tensor. The properties of
curvature collineation in a conformally flat
Riemannian space have also been studied by them.
This theory of curvature collineation has been

extended in a Finsler space by Pande and Kumar [5],

Singh and Prasad [6] and many others. The relations
which exist in a Finsler space admitted by curvature
collineation and other symmetries with special
reference to Berwald's and Cartan's curvature tensor

fields have also been studied by these researchers.

Vranceanu [7] has introduced a non-symmetric
connection I},L{ (#1, klj) in an n-dimensional space 4,
we expand this concept to the theory of n-dimensional
Finsler spaces. Suppose an n-dimensional Finsler space
F," with non-symmetric connection I, (# I};)
which is based on a non-symmetric fundamental

tensor g;;(x,x) (qt gji (x, J'c)).

Let us write

L L L

; (1.1)

i 1 . . .
where Mj; and - Njj are respectively the symmetric

and skew-symmetric parts of I},L{
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We introduce another connection coefficient
I} (x, %) defined as
[ b= Mj - 5 N (1.2)
Using (1.1) and (1.2), we get
Il (%) = L0, %). (1.3)

Let a vertical stroke (| ) by an index denotes covariant
derivative with respect to x, we defined the covariant
derivative of any contravariant vector field X! (x, x) is
two distinct ways [8], as follows:
X' ;= 0jX = (0, XY L &%+ X* I

X' = 0jX = (OmXY) T} % +x*k T

a4

and ]

(1.5)
Using (1.3), the equation (1.5) can be written as:

XU ;= 0jXt — OmXYD) LI i+ X¥ L, (1.6)

X g = XU gy == 0mXY) R &P + X™ Rpyjpe + X1 1 NI,
where

de:fakfh aFk+a mxs_amn;t[; x3 +F F -r?rh.

where, a positive sign below vertical stroke (]) by an
index indicates that the covariant derivatives with
respect to the connection 1;,‘{ concerning that index.

Similarly, a negative sign below an index vertical
stroke (|) by an index indicates that the covariant
derivative with respect to the connection I kij

concerning that index.

The covariant derivative defined in (1.4) and (1.5)
will be called @- covariant differentiation of X*(x, x)
with respect to %/ and ©- covariant differentiation of
Xt(x, %) with respect to x’/ respectively throughout
the thesis. Allowing @- covariant differentiation in
(1.4) with respect to x* and then using the part of the
skew-symmetric result so obtained with respect to j

and k, we get

(1.7)

ik “pJ* (1'8)

Similarly, ©-covariante differentiation with respect to x¥ and proceeding as above, we have

X g = X5 == @mXD) RpG %P + X™ Rp e + XU o NIT (1.9)
where, Rl = 0k}~ 0iLg + Om It TSP 5 0 I3 T &5 + T B~ Tp B (1.10)
In view of (1.10) the above result can be rewritten as

Ry = 0Ll - Oj 130 + Om It LY %5- 0 GRS %5 + LU, - T Ty (1.11)

Where the entities Rihjk and ﬁ{ljk respectively defined by (1.8) and (1.11) are said to be curvature tensors, which

becomes the duality in the nature of covariant derivatives defined by (1.7) and (1.9).

Now, we shall use the following identities [2]:

(@) x| =% =0, (b) R}y, &
(d) Riyji = - R » (e) Rl =

() Nje == Nej =T - Ty

L : i Loy
Rhji X", ()R} < Ry; x",

(1.12)

(n-1 R,

(8) Thjk & Onljc

Differentiating (1.4) partially with respect to x* and using the result thus obtained, we have the following

commutation formula,

Ok(Ti*1n) - OkTH In =T Gimn - T Ly - OmT}) Gign P,

(1.13)
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Differentiating (1.5) partially with respect to * and using the result thus the set of equation (1.13), becomes
0k(T} "1n) - kT In =T™ Fmn - Th T - OmT}) GipnX?, (1.14)
Let v'(x) is a vector field of class C? defined over a region R of F," with this field we can associate an
infinitesimal transformation of the form
xt=xt + vi(x) dt, (1.15)
where dt is to be stated as an infinitesimal constant. We can interpret (1.15) by associating to every point x’ of
E," a shift or displacement
dx' = vi(x) dt (1.16)
where, it is natural to stipulate that the corresponding variation of the component x‘ of the element of support
is represented by
xt=xt+(9,vt) 2" dt. (1.17)
Let X'(x, %) be a vector field defined over region R of F,". We suppose that X!(x, %) is homogeneous of degree
zero with respect to x*. This field shall be affected by variation (1.15) and (1.17).
Let dVX" denote the following from (1.15) and (1.17) and therefore we obtain
dVXE =0, XY vK dt +(0,X1) (0, v") x¥ dt. (1.18)
Cartan [8] has defined the covariant derivative of T;;(x, X) with respect to x* as follows:
Ti; " |n = 0nTij — 0 Tij0RG* — Tij T — Tl (1.19)
where, (a) G,’f “© 9,G%, (1.20)
(b) 2G* &y (x, %) %'%7 = I (x, %) %%/,
In view of (1.19) and (1.20), the set of equation (1.18) can be rewritten as
dVXE = (0, XE- 0,X10,GY) v dt + 9, X (v™ |, x¥) dt. (1.21)
However, if we interpret (1.15) not as a general shift but only as an infinitesimal coordinate transformation with
which (1.16) will be consistent and if we denote by X’ the component of the field X’ in the new coordinate
system then we will have
Xt = (9;xH)X7 = (8] + 0;v" de)Xx/. (1.22)
We can say that, X' is the vector X displaced from (x, ) to (¥, x ). Let us define
dmXt=X'- X" = (0,v)X’ dt. (1.23)
The Lie derivative of the vector field X* in the Finsler space F,". can be defined by
£,X1 4 gVXE - d™X /dt (Rund [2]). (1.24)
With the help of (1.21) and (1.23), { X ¢ can be expressed as under:

foXT = (XU OUE = @) X* + (8, X7) (0" )ik, (1.25)

International Journal of Scientific Research in Science, Engineering and Technology | www.ijsrset.com | Vol 7 | Issue 3 @



Sanjay K. Pandey Int J Sci Res Sci Eng Technol, May-June-2020, 7 (3) : May-June-2020 : 511-517

In view of (1.12) and (1.25), it can be easily verified that the Lie-derivative of directional argument %’ vanishes
identically, 1.e.,
f,%t = 0. (1.26)
Also { X; can be expressed as under:
foXi = X1V + @ 1) X+ (90X (0" i )25 (1.27)

In view of (1.25) and (1.27), the Lie derivative for the mixed tensor field Tji (x,x) can be written as

£5T) = (T v = @ 1T + 0T IDTe = (9T (0" e )2*. (1.28)
In a similar manner, we find the Lie-derivative of an arbitrary tensor T}il.iz"'i.’ as given by
1J2]s

iiz.dy vk Iy 4 i1l h — ok
IvThjz---js - TJ112 Js lk +ah’1}1] Js (U lkx ) +

1112 dy_ymi

Tt () ST 0 ). (129)

Now, differentiating (1.28) partially with respect to x* and subtracting the expression thus obtained from (1.28)
we get the following commutation formula

5o (0 T) — 0 (£, T) = 0, (1.30)
The relation (1.30) shows that the operations of Lie-differentiation and partial differentiation with respect to
directional arguments commute with each other in the Finsler space F," with non-symmetric connection with
special reference to © — covariant derivative.
Using (1.5) and (1.28), we get

;f,,(T-i “lk) - (o T'i)_lk = (Tji " kn — Tji " )" +Tji TR v T+ {ah(Tji “le) -
—OnTH) I 71525 =T @ 7D e+ T 0 1) 7l — @nTH@" ~19) ek, (1.31)

Also the Lie derivative of connection parameter with non-symmetric connection with reference to ©

— covariant derivative (Rund [2]), we can write

£ T =@ 71Dl + @r T )@ T1)E" + 0" R (1.32)
In view of (1.14), (1.32) and (1.31) reduces to its simplest form as
5(T ") - Go TH Ik = T £, T — Thf, Ty — On T ) G T 5. (1.33)

II. R-CURVATURE COLLINEATION AND R-PROJECTIVE MOTION IN A FINSLER SPACE F,,

We will use following definitions in our discussions:

DEFINITION(2.1):

A Finsler space F," equipped with non-symmetric connection is said to be R-symmetric or special

symmetric if the curvature tensor R }kh with respect to © — covariant derivative satisfying
<
thk | m= 0. (2'1)

On contracting (2.1) with respect to the indices i and h, we get
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Rix | m=0 where ﬁfjk = Ry, (2.2)
DEFINITION(2.2):

A Finsler space E," is said to be an R- affinely connected motion if
ol =0 . (2.3)
DEFINITION(2.3):

The infinitesimal point transformation X* = x! + v’ (x)dt is said to define a special R -curvature
collineation in a Finsler space F," provided there exists a field v’ (x) satisfying
§,Rjn =0 (2.4)
DEFINITION(2.4):

A Finsler space F,* is said to admit R- Ricci collineation provided there exists a field v!(x) satisfying
ivﬁkh = 0 (25)
DEFINITION(2.5):

The infinitesimal point transformation X' =x! + v' (x)dt defines an infinitesimal R- projective
motion in an F,”* if
£, T =8/ A + 84 + Akt (2.6)
Where 1 is an arbitrarily chosen positively homogeneous scalar function of degree 1 in x 's and satisfying the
following relations:
@0A=A , B =Aix , (© Aprk=2, (@yx/=21. (2.7)
Using (2.6) and (1.15) in (1.33), we get
5,Ren = Sk (A1 = 47 1) + 8kAn "1 — 8/ An i + 22 Ak g, (2.8)
where we have taken into account the fact that the © — covariant derivative of x* and 6} vanishes identically.
Let us now assume that the Finsler space F,; admits a R -projective motion as well as R -curvature collineation
then from (2.8), we get
STl =4 k) + S[iklh_h] + 2% 2 "l =0, (2.9)
Contracting (2.9) with respect to the indices i and j and noting (2.7) therefore, we get
A ln—nAp [k +27 | =0. (2.10)
We now make the equation obtained after commutating the indices h and k in (2.8), we get
1-=n)Ap "y =0. (2.11)

So, we now state our first result as below:
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Theorem (2.1):

In an affinely connected R —projective F;, , R -projective motion must be R -curvature collineation
(2.11).
Contracting equation (2.8) with respect to the indices i and j and get
fRen = A" I — Ay |k + 25", T = 0. (2.12)
Let us now make the assumption that the space F,; under consideration admitsa R — Ricci collineation then from
(2.12), we get
A" ln = 1Ay |k + 2484, " | = 0. (2.13)
We now state our next results as:
Theorem (2.2):
In an affinely connected R —projective F;,, the necessary and sufficient condition that R -projective
motion be R -Ricci collineation is that form of function A(x, X) is given by (2.13).
Applying the commutation formula (1.14) to the curvature tensor field R }k n and thereafter use (2.1), (2.6)
and (2.7) and get
(fvﬁfkh)_|h = (3q ~}kh)/11xq + (alﬁjikh) T+ (ésﬁ}kh) + Ahlﬁ}kqxq + Ahﬁ}kl + Aklﬁ}h + A ~}lh + Ajlﬁlich +
AR + 24 Rji, — AquR}} % — 824 R, (2.14)
Transvecting (2.14) successively by x* and x" and thereafter using the equations given by (2.7), we get
( £,Rjn) " InX i" = 8[ 2R}, %" 3% + 2 RI%" — 3R} — R{A; — A Rjyx™ + A Rjy — (0sRfiep ) A% 5% — Ry Ay -
(2.15)
Now suppose the Finsler space F,; under consideration admits a special R-curvature collineation characterized
by (2.4) then from (2.15) we get
S{AqR 2" %% + AR — 3R} — RiA; — A Rjyex™ + A Ry, — (R )Mx" %% — —RjypAs = 0.
(2.16)
Contracting (2.16) with respect to indices i and j and thereafter allowing a suitable interchange of the dummy
indices, we get
R pAqX" ¥ + 24 R %" — 4RFA; — A Ry k™ + A Rpy, — (OgRicn ) A% 5% — (0, Ryep ) A5k 3% —
—RypAs = 0. (2.17)
Now our last results is stated as below:

Theorem (2.3):

In a special R —symmetric F;,, R-projective motion must be special R-curvature collineation given by equation

2.17).
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III. CONCLUSION

In this paper we have studied R -Projective motion in a Finsler space F,” equipped with non-symmetric

connection with special reference to © — covariant derivative. We have studied R - Curvature collineation and

Ricci- Collineation also in the above context . It has been found that in an affinely connected R —projective F; ,

the R -projective motion consist of R -curvature collineation and R -Ricci collineation. We have also found that

the R-projective motion will be a special R-curvature collineation in a special R — symmetric F;.
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