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I. INTRODUCTION

Use of infinitesimal transformations, which in terms defines motion, has been discussed in details by Misra [1].
Davies [2] has also studied similar problem where he has generalized the Lie-derivatives to the Finsler space
and its application to the theory of subspaces. By considering the infinitesimal point transformation in Lie-
derivatives of an arbitrary vector X!(x,%) and the symmetric connection parameter 1},"} (x,x), has been
discussed in details by Rund, [3] and Yano, [4]. The concept of curvature collineation in a Riemannian space
and its properties is discussed in detail by Katzin, Levine and Davis [5]. They showed that a Riemannian space
V,, admits a curvature collineation provided that there exists a vector & v*(x) such that (va}'kh = 0 where R}kh
is the Riemannian curvature tensor. Recently Pandey [6] has studied Projective motion in a Finsler space
equipped with a non-symmetric connection in some special cases.
A non-symmetric connection I;,l( (#1, kl]) in an n-dimensional space A, was introduced by Vranceanu [7]. In the
present work we expand this concept to the theory of n-dimensional Finsler spaces.
Consider an n-dimensional Finsler space with non-symmetric connection I},L{ (=1, kij) which is based on a non-
symmetric fundamental tensor g;;(x, X) (qt gji (x, x))
Let us write
L = Mj +3 N, (1.1)

- 1 . . - .
where M}, and > Njj are the symmetric and skew-symmetric parts of [}, respectively.

Now introducing another connection coefficient I* ]‘:k (x, x) defined as
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Ml 3 ]‘k (1.2)
Equations (1.1) and (1.2) together yields
Il (%) = L0, %). (1.3)

Now suppose a vertical stroke (| ) denotes covariant derivative with respect to x. We define the

covariant derivative of any contravariant vector field X(x, x) is two distinct ways (see [8] for details), as

follows:
X' ;= 0jX - (0 XY L} &%+ X¥ r,jj, (1.4)
and Xt j=0jX - (0mXH T xk +XK T ;. (1.5)
Using equation (1.3) we can write (1.5) as
X' = 0jX - (0mXY) Lt i*+ X% I, (1.6)

where, a positive sign below vertical stroke (|) by an index indicates that the covariant derivatives with respect
to the connection I;,l{ concerning that index and a negative sign below an index vertical stroke (|) by an index
indicates that the covariant derivative with respect to the connection I kij concerning that index. The covariant
derivative defined in (1.4) and (1.5) will be known as @- covariant differentiation of X!(x, X) with respect to
%/ and ©- covariant differentiation of X*(x, %) with respect to %’ respectively throughout the thesis. Allowing
- covariant differentiation in (1.4) with respect to x* and then using the part of the skew-symmetric result so

obtained with respect to j and k, we get

X e = XU j == @ XY) RJG &P + X™ Rb i + XU 1y NI, (1.7)
where
Rl & Oy Iif- 0iTg + OB I %5- O I3} T %5 + LY L T I (1.8)

and is known as curvature tensor.
Similarly, ©-covariant differentiation with respect to x* and proceeding as above, we have
] — ] — 3 j ~m . l —_—
Xt |]k_ Xt |kj=—(6 XL)R 'kxp+XmR k+Xl |meJ , (].9)

= 0y [}~ 0; T3t + O X5- O i} T %5 + I D= TR L) (1.10)

where, i

l ]k
note that R ik 1s also known as curvature tensor.

With the help of the equation (1.3) we can write equation (1.10) as

Rl = 0kl - 05 + Om Iy LY %5~ O DTS &5 + LY I - LY Ty (1.11)
Now, we shall use the following 1dent1t1es (for details see [3])
@) x| =% =0, (b) Rf = Rl 2", (R} & Ry; %", (1.12)
(@) Rhji = - Rij » (e) Ri =(n-1)R,
® jik=‘N1£j=I}'iic‘Fkij, (8) thk © 9 [y ]k

Let v'(x) is a vector field of class C? defined over a region R of F,* with this field we can associate an
infinitesimal transformation of the form
xt=xt + vi(x) dt, (1.13)
where dt is to be stated as an infinitesimal constant.
The Lie derivative for the mixed tensor field T]-i (x, x) can be written as [6]
KT = (T 1V = @ 1T + @ INTe = (06T (" 71 )%~ (1.14)

Also the Lie derivative of connection parameter with non-symmetric connection with reference to ©
— covariant derivative (Rund [3]), we can write

5T ]k = (" 71D Ik + (@ f]ij)(vr TE" + vt ﬁj‘kh' (1.15)
Differentiating (1.15) © — covariant derivative, we get
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o TR Ik - GO = TN AT i+ T 0T DT e+
+vt T |h§l}uj + ”lﬁlﬁlj_h — Then L;v" |y X =T " )7 | xt
— vl T | Ry — v Ryl — 0, (v' - |DRG +v" - |h§ikj —v' [ Rpy; . (1.16)

From (1.14), we get

o Rijie = Rhu v =Ry vt ~ | + Rejpv™ 7 | + Riev” ~ |5 +

+ Rijev"™ e+ B R ) (07 T [)%5 (1.17)
We can also verify the following
O (" 7 1)) = L™ (1.18)
TR VE S A (1.19)

Using (1.17), (1.18), (1.19) and (1.15), the set of equation (1.16) becomes
(Iv ril;j)_lk, - (Iv rrl;k)_lj = Iv ~l}1jk + J‘Cll—‘rijh:»fvl—‘l:l_jcll—‘rikh;fvl—‘jq +

N T + Phjnicv? ~1s%5, (1.20)
where
pinke = ~OpRji + Tpn ™ I = Tpin ™ |j = DiaDintt + Ty Tyentt = Ty NJ - (1.21)
It can be easily be verified that the right hand member of (1.21) vanishes and hence
Pline = 0. (1.22)
After making use of (1.22), the set of equation (1.20) assume the following form
o Ti) 7l = (o Thi) 71y = 5o R + X' T Lol ' Thinfo Il +NEE T, - (1.23)

2. SPECIAL R-PROJECTIVE MOTION IN A FINSLER SPACE F,,":
In our later discussions we will use following definitions:
DEFINITION(2.1):

A Finsler space F," equipped with non-symmetric connection is called R-symmetric or special

symmetric if the curvature tensor R ikn With respect to © — covariant derivative satisfying

Rijk "l m=0. .1)
On contracting (2.1) with respect to the indices i and h, we can get

Ry "l m=0 where R}, =Ry (2.2)
DEFINITION(2.2):

A Finsler space F," equipped with non-symmetric connection is called R- affinely connected
motion if

o = 0. (2.3)

DEFINITION(2.3):

The infinitesimal point transformation X' = x* + v* (x)dt is said to define a special R -curvature
collineation in a Finsler space F," provided there exists a field v’(x) satisfying
£,Rhn =0. (2.4)
DEFINITION(2.4):

A Finsler space F," equipped with non-symmetric connection is called R- Ricci collineation

provided there exists a field v*(x) satisfying
§,Rn =0. (2.5)
DEFINITION(2.5):
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The infinitesimal point transformation ¥ = x‘ + v' (x)dt defines an infinitesimal R - projective
transformation in a Finsler space F,”, if
£, T = 6f 4 + 82 — gjeg™dy, 2.6)
where b;(x, x) and d,;(x, x) are vector fields satisfying the following
@0iA=A , ) =dix , (©) Axpih=4,

@Ax' =2, (0;d =d;, (D0ord; =dj,
(8) djpt*=d; and (h) d]-fcj =d. (2.7)
With the help of (1.23) the Lie-derivative of R} jk in an affinely connected R- projective space is given by
£ Rjen = (8 Tén) 715 = (8 Th) "l 28)
We now make use of (2.6) in (2.8) and get
£, ~}kh = 8pAn Tl 5}1}1 "l — 9% (grndy "l gjndi k), (2.9)

where, we have taken into account the fact that the covariant derivative of Sji and g vanish. At this stage, if
we assume that the Finsler space F; under consideration admits R- projective motion as well as R- curvature

collineation then (2.9) gives

SkAn "l — Sji/lh "Ik — 94 (grndi "1 — gnd; "li) = 0. (2.10)
Contracting (2.10) with respect to the indices i and j, we get
dp k= M=) Ap "l — 97 gknd; ;- (2.11)

So, we get our first result as below:
Theorem (2.1):
If R -Projective motion in a Finsler space F;, is R -curvature collineation, then the set of equation (2.11)
must hold.
Again Contracting equation (2.9) with respect to the indices i and j and get
£,Rin = 20"l = A" Ik — 97 (grndy 71 = gjndy ") = 0. (2.12)
At this stage, Let us now make the assumption that the Finsler space F; under consideration admits R -

projective motion as well as R- Ricci collineation then from (2.12), we get

Jjl “li—qg: -
Al = dy "l — 9 (grdn nlilg]hdl Ik)_ (2.13)

Conversely, if we assume that 4, | is given by (2.13) then the relation (2.12) yields
§,Rin = 0. (2.14)
We now state our next results as below:
Theorem (2.2):
In an affinely connected R —projective F;,, the necessary and sufficient condition that R -

projective motion be R -Ricci collineation is that form of function A(x, k) is given by (2.13).

In a symmetric Finsler space the commutation formula (1.23) may be written as (,{vﬁ}kh)_h =
Riinfs Tt = Rinen T T = Riyn $o T = R $o Tt = (OmRjin) (£ TS
(2.15)
Making use of the equations (2.6) and (2.7) in (2.15) we get
( fvﬁfkh)_h = (5zilm - gmlgirdr)ﬁﬁclh - ﬁzikhlj + gjlgirdrﬁinkh - 2§}kh/11 - ﬁ}lklh + gklgmrdrﬁrinjh -
R}kllh + ghlgmrdrﬁ}km - A(alﬁjkh) + gslgmrdr(amﬁfkh)xs- (2.16)

Trnsvecting (2.15) successively by " and ¥ and thereafter using (1.13), we get
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(8{Am = gm g™ dr)RIpx"™ &%~ A;Rjp 2" J'Ck +gjlgird Ripnx"™ &% =24 Ripx™ 2% — Rfydpx" ¥ +
G g™ dp Rl k" 2K — AR %K + g g™ dy Riymx"™ 2% — 2(0, R )%™ %% + g1 g™ dy (0 Ry ) 252" %%
(2.17)
Contracting (2.17) with respect to the indices i and j, we get
RIG (8[Am — Gmug™ d )% %X+ Ry, 2" %% + dyRE o 2" X% —22; Ryp " X% —pRjpi" +

+ g1 9™ R 2K — AR X% + gp1 g™ dy Rign 2" 5% — 2(0) Ry ) X% + + g1 9™ dyr (O Ry, ) %531 ¥
(2.18)
where, Rl = Ry -
Now our last result is stated as below:
Theorem (2.3):

In a special R — projective symmetric F;,, R-projective motion will be a special R -curvature
collineation if the Ricci tensor R, (x, X) and the scalar A(x, k) are connected by the equation (2.18) .
CONCLUSION:

In this paper we have studied special R-Projective motion in a Finsler space F,* equipped with non-
symmetric connection with special reference to © — covariant derivative. In this context we have studied R -
Curvature collineation and Ricci- Collineation. We have found new results in the form of the R -projective
motion consisting of R -curvature collineation and R -Ricci collineation in an affinely connected R —projective
E;. We have also found that the R-projective motion will be a special R-curvature collineation in a special

R —symmetric F;.
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