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ABSTRACT

In this paper, we define Row Modified Farey Matrix, Column Modified Farey Matrix, Non-Reducible Farey Matrix

from Farey matrix and discuss some of its properties.
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I. INTRODUCTION

A Farey sequence of order N is a set of irreducible
fractions between 0 and 1 arranged in an increasing
order, the denominators of which do not exceed N.
Fy could be obtained from Fy_; by calculating the
mediant between the two values from which it was
derived. In [1] Farey graph and Farey matrix have been
constructed for a Farey sequence of order N. From
Farey Matrix we again construct new matrices namely,
Row Modified Farey Matrix [MFMg] and Column
Modified Farey Matrix [MFM.] , Farey Incidence
Matrix[FIM], Non-Reducible Farey Matrix[NRFM] and
discuss some properties related to the above matrices.

II. FAREY GRAPH
2.1 Farey sequence
The sequence of all reduced fractions with denominators

not exceeding N listed in order of their size is called the
Farey sequence of order N.

For example:- The Farey Sequence of order 5 is

_Io 1 1 1 2 1 3 2 3 4 1
F=[i<i<i<i<i<i<i<i<i<i<y

2.2 Non Reducible Farey Sequence

The Sequence of non-reduced fractions with
denominators not exceeding n listed in order of their
size is called Non Reducible Farey Sequence of order n.

For Example :- The Non Reducible Farey Sequence of

order 6 is
~{0_0111223343456_1}

2.3 Non Reducible Fareyn-Subsequence

The sequence of non-reduced Farey fractions with
denominators equal to the order of the size v is called
Non Reducible Farey N-Subsequence.

For Example: - The Non Reducible Farey N -

Subsequence of order 6 is
. {1 234 5}

2.4 Farey Graph:

X = (X1, %2, X3, 0, %) 5, Y = (Y1, Y2, Y3 -, ) Where
y; € Fy[0,1]. The Farey graph is a graph of vertices (x;,y,)
and it forms a grid whose graphical representation is as
given below.

Xi s

IJSRSET16226 | Received: 01 March 2016 | Accepted: 13 March 2016 | March-April 2016 [(2)2: 89-93] 89



III. FAREY MATRICES

3.1 Farey Matrix:

A Farey matrix denoted by Fum is defined as the square
matrix of order n, whose elements are the sum of Farey
fractions in the Farey graph. In other words,

Y
P (e () (Xarya) (xaya)
Yar =
O an). . - (xaw) (xa1yx)  (xayx)
o Ge2ya). . - (xuy2) (%a-1¥2) (Xay2)
T T T
(X1Y1) X2 X3 X4 XS corcnnns s sornrennenns K evem svvseres sssssssessrerenseenes srstem Xa1 Xa X
FAREY GRAPH
X1+Yy1 X1+ X1+ Yr-1 X1+ Vi
X2 +Y1 X2+ Y2 X2+ Yr-1 X2+ Yk
[FM] = Xg-1tYV1 Xk-1tTY2 Xg—1tVk-1 Xp-1+ Yk
Xk + V1 X T Y2 Xk t V-1 X + Vi
Xk+1t V1 Xk+1 T V2 Xp+1t Ve-1 X1+ Vi
- xn+Y1 xn+y2 xn"’)’k—l Xn +yk

3.2 Row Modified Farey Matrix:[MFMpg]

X1+ Yr+1
X2 + Vi1
Xk—1t Vi+1
Xkt Vie+1
Xk+1 t Vi+1

Xn + Vi+1

X1+ Yn
X2 +Yn

Xk—1 + Yn
Xk + Yn
Xk+1 + Yn

Xp tYn |

=[x +y]

nxn

In Farey Matrix, remove the middle column and find the ratio of terms in each row of Farey matrix which are
equidistant from the ends. It is called the Row Modified Farey Matrix and is denoted by[MFMg].

[MFMg] =

3.3 Column Modified Farey Matrix:[MFM]

[ X1t V1 X1+ Y2 X1+ V-1 ]
X1+ Yn X1+ Yn-1 X1+ Yr+1
X2+ Y1 X2+ Y2 X2 + Yi-1
X2 + Y X2 + Yn-1 X2 + Vi+1

Xn-1tY1  Xp-1t V2 Xn-1t V-1

Xn-1tYn Xp-1tYn-1 Xn-1+ Vier1
xn+y1 xn+y2 xn"‘)’k—l

L Xy + Yn Xn + Yn-1 Xp + Vi1 |

In Farey Matrix, remove the middle row and find the ratio of terms in each column of Farey matrix which are
equidistant from the ends. It is called the Column Modified FareyMatrix [MFM_].

[MFM] =

[ X1t Y1 X1+ Y2 X1+ Yn 7
Xn + Y1 Xn + Y2 Xn + Yn
X2+ X2 + Y2 X2 + Yn

Xpn-1tY1 XptY2 Xn-1 1 Yn

Xg-1TYV1 Xg—1t Y2 Xg—1+ Yn

[ Xk+1 T Y1 Xk+1 T V2 Xg+1 + Yn]
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3.4 Theorem

The product of the Modified Farey matrices [MFMg] and [MFM.] iS symmetric.

Proof:

We know that the Farey matrix is always symmetric. Consider the matrices [MFM,] and[MFM.] derived from [FM],

[ X1+ )1 X1t Y, X1+ V-1 ]
X1t Yn X1t Yn-1 X1t Vs
X2+ X2 t Y2 X2t Vi1
X2t Yn X2t Yn-1 X2t Vi1
A= [MFMR]X[MFMC] = : : :
Xn-1tY1  Xp1t)2 Xn-1t V-1
Xn-1 + Yn Xn-1 + Yn-1 Xn-1 + Yi+1
xn+y1 xn+y2 xn+y}c—1
L Xn + n Xn + Yn-1 Xn + Yi+1
[(x1+J’1) (x1+371) + ( X1+y2 )( X2tY1 ) xl+3’k—1) (xk—1+3’1 (x1+J’1)(
X1+Yn/ \Xn+y1 X1+Yn-1/ \Xn_1+tY1 X1+YVie+1/ X111 X1+Yn
(xz+3’1) (x1+y1) + ( X212 )( X2+Y1 ) x2+J’k—1) (xk—1+}’1 (Xz+y1)(
= | \X2+yn/ \xp+y; X2+Yn—1/ \Xn_1+Y1 X2+ YVie+1/ X111 X2+ Yn

XntY2 X2+Y1

——

) G+ s Ga) + -+ (
Xn+t¥Yn/ \Xn+y1 XntYn-1/ \Xn_1+Yy1

xn+3’k—1) (Xk—1+3’1
XntVict1

Xr+1tY1

(xn+y1) (
Xn+Yn

Xn+Yn

)+...'+(

XntYis1

)(

Xk—1+3’n)
Xk+1tYn

[ X1+ Y1 Xty X1t Yn ]
Xn + Y1 Xn T Y2 Xn + Yn
X2t )1 X2t Y2 X2+ Yn

Xn-1 +y1 Xn +3’2 Xn-1 +Yn

Xg-1+t Y1 X1t Y2 Xk-1t+ Yn

[ Xk+1t Y1 Xks1 T2 X+1 T Y

X1+tYn X1+Yk-1) (Xk-1+Vn

xn+3’n) + + (x1+Yk+1) (-7"k+1+yn)-|

x1+J’n) (x2+Yk—1) (xk—1+Yn)
4ot

Xn+Yn X2+tYk+1/ \Xk1+Vn

X1+Yn XntYk-1 Jl

In Farey graph, for each i = j, x; = y;

A=
ax? (x1+x3)? R (1 +xg-1)? X1 + ( X1+%, )( Xy, ) T (x1+xk_1) (xk_1+xn)
(x1+xp)? - (e +an-1)? (g +xpe41)? Xn X1+Xn-1/ \Xn—1+Xn X1+ Xk+1/ \Xk+1+Xn
(x1+x3)2x, (x14x3)2x, + (x1+xk_1) (xk_1+xn) (x1+x2) (x1+xn) + ( 2x, )( Xz+Xn ) ot (x2+xk_1) (xk_1+xn)
(X +x)(x14+x0)  (p+xp-1)(cp—1+x1) X1 4+Xpr1/ \Xpg1+xn Xp+Xn 2xp Xo+xXn—1/ \Xp_1+xp Xo+Xpk+1/ \Xpp1+Xn
Xy (&) (“_xn) T (%) (M) (x1+xn)2 + ( X+ )2 R (xk_1+xn)2
Xn X1+Xn-1/ \Xp—1+xn X1+ Xp+1/ \Xg1HXn 2Xn Xp—1+Xn Xp41+Xn

Here AT = A

Therefore, the product of modified Farey matrices [MFMg] and [MFM,] is symmetric.

_0 %_
3.4.1 Example: 12
4 3 o 1Lz
15 4 3 5 2
[MFMglsxz = |5 5| and [MFM ]pxs =
[ i 37 1z 5 3 4
Consider Farey matrix of order 5 2 3 > 223
5 4
-1 1 2 14
0o — - Z -2 5-
323!
1 25 4 .
33¢ 13 The product of [MFMg]sy, and [MFM_],xs 1S
7 A = [MFMglsxz X [IMFM ]3xs
[FM]=151€3 C 1
26 7 4 2 3
216 25 1 2
3 43 ;3 23l 1121
_1 3 2 3 2 fr s 42 35 32
37|l 2 5 3 4]
2 Elz 37 % 5
5 4
1 4
12 5l
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11 5 3 2

4 3 14 8 5

1 73 141 3 79

3 144 252 5 120
A_|5 141 274 281 31|_ s

14 252 441 420 42

3 3 281 289 4

8 5 420 400 5

2 79 31 4 89

L5 120 42 5 100

u1+v1 U1+U2 u1+vm
_ U, +vq Uy + v, Uy + Uy
[NRFM] = NV : :
Unp TV Up TV, Unp + Uy
3.7 Theorem:

Hence, the product of Modified Farey matrices [MFMg]
and [MFM.] is symmetry.

3.5 Farey Incidence Matrix:

The square of Non-Reducible Farey Matrix of order m
is

The Farey Incidence Matrix [FiM] of Farey graph is
if xi =yj

if x; # y;

It forms an Identity matrix. The order of [FIM] = |Fy| =

[FIM] = {0

1+ X1 0(0).

3.5.1 Hlustration:

1,

The Farey Incidence Matrix of order 5 is formed from
Farey Sequence of order 3.

The order of

3
[FIM] = 1Fs] = 1+ ) () = 1+ $(1) + $(2) + $(3)
k=1

=1+1+1+2=5
1000 0
01000
[FIM] =l0 0 1 0 0
00010
0000 1

3.6 Non-Reducible Farey Matrix:

N N N
m? m(m+ 1) m(m+ N)
N N N
1 Z m(m + 1) Z(m+1)2 Z(m+ D@m+N)
(N(N+1))2 m=0 . m=0 . m=0 .
. : . : . :
m(m + N) (m+ 1)(m+N) (m + N)?
Proof:
Consider the Non-Reducible Farey Matrix
u1+171 u1+172 u1+vm
_ u2+171 u2+172 u2+17m
[NRFM] = NN : :
Unp TtV Uy + 1, Uy + Uy
Let a,-]- =U; + Uj,
a1 Qqp A1m
_ azq ayo A2m
[NRFM] = NOD : .
Am1  Am2 Amm

The square of Non-Reducible Farey Matrix

a1 Q2 A1m
: . 2___ 1 |G Az A2m
In Farey graph, consider Non-Reducible Farey N - INRFMI® = a2 :
Subsequence fractions including boundary fractions mi dmy v Gmm
0 N - - . aqq aqp 1im
{N'N} .From this grid we form Non-Reducible Farey e Aom
Matrix. The order of Non-Reducible Farey Matrixm = : : :
am1  Am2 Amm
N+1.
afy + o+ A (11052 + -+ Ay Amz A11Q1m + -+ A
— _ v lapan+ ot amm @iz + o+ GunGme A2101m + -+ + QomAmm
(N(+1))2 : : :
Am1011 + -+ ApmQm1 Am1Q1z2 + 0+ G Gma A1 Gym + - + Aym
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2 2

[ aiit-tam
1
Az1Q11 + -+ Ao A

= (N@+D)2

Am1Q11 0+ G Ama

1
= (N@+D)2 Z m(m +1)

3.7.1 Hlustration:

The square of Non-Reducible Farey Matrix of orderé is

5 5 5
m? m(m + 1) m(m+5)
5 5 5
Ty mm+ (m+1)? (m+1)(m +5)
s : N H . H
m(m+5) (m+1)(m+5) (m + 5)?
Solution:

Consider the Non-Reducible Farey Matrix of order e,

01 2 3 4 5
1123456
2 3 45 6 7
NRFM] = —
[ ](56)345678
4 5 6 7 8 9
5 6 7 8 9 10
Then the square of [NRFM] is
01 2 3 4 5
1[123456]
2 3 45 6 7
NRFM]? = —
[ ](56)345678
45 6 7 8 9
5 6 7 8 9 10
01 2 3 4 5
[123456]
x1234567
(59)|3 4 5 6 7 8
4 5 6 7 8 9
5 6 7 8 9 10

A11Q12 + -+ Ay Amz
2 2
az1° + -+

Am1Q12 + 0+ A Ama

m=0 m=0

N N
m(m + N) (m+1D(m+N)

a11Qym + o F almamm]
. Ap1Qyp t et aZmamm|

Am1? + - + A ]

v 4ij = Gji
N
m(m+ 1) m(m+ N)
N
(m + 1)? (m+ 1D)(m+N)
2 g
L
Z (m + N)?
m=0
5 5 5
Z m? Z m(m + 1) Z m(m +5)
< m=0 m=50 . m=0
LY mm+1) Mm+1? .. Y m+Dm+5)
. : . : . :
m(m+5) (m+1)(m+5) (m + 5)?
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