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ABSTRACT 

In this paper I have considered an operator called 𝞴-jection of fourth order. 

Forms of an operator E in R2 which satisfy its conditions has been 

discussed. 

Keywords:- 𝞴-jection of third order, 𝞴-jection of fourth order, projection, 
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I. INTRODUCTION 

 

A trijection operator E is defined as 𝐸3 = 𝐸 by Dr.P.Chandra in his Ph.D. thesis titled “Investigation into 

the theory of operators and linear spaces”.[1] A projection operator E has been defined as 𝐸2 = 𝐸 in 

Dunford and Schwartz [2], p.37 and Rudin [3], p.126. In a previous paper of mine I have defined E to be a 

𝞴-jection of third order [4] if 

𝐸3 + 𝞴𝑬𝟐 = (𝟏 + 𝞴)𝑬  𝞴 being a scalar. 

In case 𝞴 = 𝟎, we have 𝐸3 = 𝐸, a trijection. 

To extend this idea further, we define E to be a 𝞴-jection of fourth order if 

𝐸4 + 𝞴𝑬𝟑 = (𝟏 + 𝞴)𝑬𝟐, 

𝞴 being a projection. If E is a 𝞴-jection of third order, it is clearly a 𝞴-jection of fourth order but not 

conversely. 

II. Main Result 

We investigate when an operator E on R2 happens to be a 𝞴-jection of fourth order. 
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Theorem 1 

Let E be an operator defined on R2 by 𝑬(𝒙, 𝒚) = (𝒂𝒙 + 𝒃𝒚, 𝒄𝒙 + 𝒅𝒚) 

with a,b,c,d real numbers. 

We find out conditions when E is a 𝞴-jection of fourth order. 

Proof:- 

We have 𝐸2(𝑥, 𝑦) = 𝐸(𝐸(𝑥, 𝑦)) = 𝐸(𝑎𝑥 + 𝑏𝑦, 𝑐𝑥 + 𝑑𝑦) 

= (𝑎(𝑎𝑥 + 𝑏𝑦) + 𝑏(𝑐𝑥 + 𝑑𝑦), 𝑐(𝑎𝑥 + 𝑏𝑦) + 𝑑(𝑐𝑥 + 𝑑𝑦)) 

= ((𝑎2 + 𝑏𝑐)𝑥 + 𝑏(𝑎 + 𝑑)𝑦, 𝑐(𝑎 + 𝑑)𝑥 + (𝑏𝑐 + 𝑑2)𝑦) 

= (𝐴𝑥 + 𝐵𝑦, 𝐶𝑥 + 𝐷𝑦), 𝑠𝑎𝑦 

where 𝐴 = 𝑎2 + 𝑏𝑐, 𝐵 = 𝑏(𝑎 + 𝑑), 𝐶 = 𝑐(𝑎 + 𝑑), 𝐷 = 𝑏𝑐 + 𝑑2 

Let 𝑎𝑑 − 𝑏𝑐 = 𝑚 𝑎𝑛𝑑 𝑎 + 𝑑 = 𝑛. 

Then 𝑑 = 𝑛 − 𝑎 

Hence 𝑎(𝑛 − 𝑎) − 𝑏𝑐 = 𝑚 

⇒ 𝑎𝑛 − 𝑎2 − 𝑏𝑐 = 𝑚 

⇒ 𝑎2 + 𝑏𝑐 = 𝑎𝑛 − 𝑚, 𝑏𝑐 = 𝑎𝑛 − 𝑚 − 𝑎2 

𝑆𝑜, 𝐴 = 𝑎𝑛 − 𝑚, 𝐵 = 𝑏𝑛, 𝐶 = 𝑐𝑛 

𝐷 = 𝑏𝑐 + 𝑑2 = 𝑎𝑛 − 𝑚 − 𝑎2 + (𝑛 − 𝑎)2 

= 𝑎𝑛 − 𝑚 − 𝑎2 + 𝑛2 + 𝑎2 − 2𝑎𝑛 = 𝑛2 − 𝑎𝑛 − 𝑚 

Now 

𝐸3(𝑥, 𝑦) = 𝐸(𝐸2(𝑥, 𝑦)) = 𝐸(𝐴𝑥 + 𝐵𝑦, 𝐶𝑥 + 𝐷𝑦) 

= (𝑎(𝐴𝑥 + 𝐵𝑦) + 𝑏(𝐶𝑥 + 𝐷𝑦), 𝑐(𝐴𝑥 + 𝐵𝑦) + 𝑑(𝐶𝑥 + 𝐷𝑦)) 

= ((𝑎𝐴 + 𝑏𝐶)𝑥 + (𝑎𝐵 + 𝑏𝐷)𝑦, (𝑐𝐴 + 𝑑𝐶)𝑥 + (𝑐𝐵 + 𝑑𝐷)𝑦) 

= (𝐴1𝑥 + 𝐵1𝑦, 𝐶1𝑥 + 𝐷1𝑦), 𝑠𝑎𝑦 

Where 

𝐴1 = 𝑎𝐴 + 𝑏𝐶 = 𝑎(𝑎𝑛 − 𝑚) + 𝑏𝑐𝑛 

= 𝑎2𝑛 − 𝑎𝑚 + 𝑛(𝑎𝑛 − 𝑚 − 𝑎2) = 𝑎𝑛2 − 𝑚𝑛 − 𝑎𝑚 

𝐵1 = 𝑎𝐵 + 𝑏𝐷 = 𝑎𝑏𝑛 + 𝑏(𝑛2 − 𝑎𝑛 − 𝑚) = 𝑏(𝑛2 − 𝑚), 

𝐶1 = 𝑐𝐴 + 𝑑𝐶 = 𝑐(𝑎𝑛 − 𝑚) + (𝑛 − 𝑎)𝑐𝑛 = 𝑐(𝑛2 − 𝑚), 

and 𝐷1 = 𝑐𝐵 + 𝑑𝐷 = 𝑐𝑏𝑛 + (𝑛 − 𝑎)(𝑛2 − 𝑎𝑛 − 𝑚) 

= (𝑎𝑛 − 𝑚 − 𝑎2)𝑛 + 𝑛3 − 𝑎𝑛2 − 𝑚𝑛 − 𝑎𝑛2 + 𝑎2𝑛 + 𝑎𝑚 

= 𝑛3 − 𝑎𝑛2 − 2𝑚𝑛 + 𝑎𝑚 

Also, 

𝐸4(𝑥, 𝑦) = 𝐸2(𝐸2(𝑥, 𝑦)) = 𝐸2(𝐴𝑥 + 𝐵𝑦, 𝐶𝑥 + 𝐷𝑦) 

= (𝐴2𝑥 + 𝐵2𝑦, 𝐶2𝑥 + 𝐷2𝑦), 𝑠𝑎𝑦 
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where 𝐴2 = 𝐴2 + 𝐵𝐶 = (𝑎𝑛 − 𝑚)2 + 𝑏𝑐(𝑎 + 𝑑)𝑛 

= 𝑎2𝑛2 + 𝑚2 − 2𝑎𝑚𝑛 + (𝑎𝑛 − 𝑚 − 𝑎2)𝑛2 

= 𝑎𝑛3 − 𝑚𝑛2 − 2𝑎𝑚𝑛 + 𝑚2 

𝐵2 = 𝐵(𝐴 + 𝐷) = 𝑏𝑛(𝑎𝑛 − 𝑚 + 𝑛2 − 𝑎𝑛 − 𝑚) = 𝑏𝑛(𝑛2 − 2𝑚) 

𝐶2 = 𝐶(𝐴 + 𝐷) = 𝑐𝑛(𝑛2 − 2𝑚) 

𝐷2 = 𝐵𝐶 + 𝐷2 = 𝑏𝑐𝑛2 + (𝑛2 − 𝑎𝑛 − 𝑚)2 

= (𝑎𝑛 − 𝑚 − 𝑎2)𝑛2 + 𝑛4 + 𝑎2𝑛2 + 𝑚2 − 2𝑎𝑛3 − 2𝑚𝑛2 + 2𝑎𝑚𝑛 

= 𝑛4 − 𝑎𝑛3 − 3𝑚𝑛2 + 2𝑎𝑚𝑛 + 𝑚2 

 

Let 𝜆 = 𝜇 − 1, then E is a 𝞴-jection of fourth order, 

if 𝐸4 + (𝜇 − 1)𝐸3 = 𝜇𝐸2 

Let (𝑥, 𝑦) ∈ 𝑅2, 𝑡ℎ𝑒𝑛 

𝐸4(𝑥, 𝑦) + (𝜇 − 1)𝐸3(𝑥, 𝑦) = 𝜇𝐸2(𝑥, 𝑦) 

⇒ (𝐴2𝑥 + 𝐵2𝑦, 𝐶2𝑥 + 𝐷2𝑦) + (𝜇 − 1)(𝐴1𝑥 + 𝐵1𝑦, 𝐶1𝑥 + 𝐷1𝑦) 

−𝜇(𝐴𝑥 + 𝐵𝑦, 𝐶𝑥 + 𝐷𝑦) = 0 

Equating co-efficients of x,y from both co-ordinates, 

𝐴2 + (𝜇 − 1)𝐴1 − 𝜇𝐴 = 0   —--------------------------------------------------- (1) 

𝐵2 + (𝜇 − 1)𝐵1 − 𝜇𝐵 = 0   —-------------------------------------------------- (2) 

𝐶2 + (𝜇 − 1)𝐶1 − 𝜇𝐶 = 0   —--------------------------------------------------- (3) 

𝐷2 + (𝜇 − 1)𝐷1 − 𝜇𝐷 = 0   —--------------------------------------------------- (4) 

Due to (1), 

(𝑎𝑛3 − 𝑚𝑛2 − 2𝑎𝑚𝑛 + 𝑚2) + (𝜇 − 1)(𝑎𝑛2 − 𝑚𝑛 − 𝑎𝑚) − 𝜇(𝑎𝑛 − 𝑚) = 0 

⇒ 𝑎𝑛3 + 𝑛2(𝑎(𝜇 − 1) − 𝑚) − 𝑚𝑛(2𝑎 + 𝜇 − 1) − 𝑎𝜇𝑛 

+𝑚2 − (𝜇 − 1)𝑎𝑚 + 𝜇𝑚 = 0   ------------------------------------------------ (5) 

From (2), 

𝑏𝑛(𝑛2 − 2𝑚) + (𝜇 − 1)𝑏(𝑛2 − 𝑚) − 𝜇𝑏𝑛 = 0 

Let 𝑏 ≠ 0, then 

𝑛(𝑛2 − 2𝑚) + (𝜇 − 1)(𝑛2 − 𝑚) − 𝜇𝑛 = 0  —----------------------------- (6) 

⇒ 𝑛3 − 2𝑚𝑛 + (𝜇 − 1)𝑛2 − 𝑚(𝜇 − 1) − 𝜇𝑛 = 0  —-------------------- (7) 

Now (5) can be put in form 

𝑎(𝑛3 + (𝜇 − 1)𝑛2 − 2𝑚𝑛 − 𝜇𝑛 − (𝜇 − 1)𝑚) − 𝑚𝑛2 − (𝜇 − 1)𝑚𝑛 

+𝑚2 + 𝜇𝑚 = 0 

Using (7), 

−𝑚𝑛2 − (𝜇 − 1)𝑚𝑛 + 𝑚2 + 𝜇𝑚 = 0 

http://www.ijsrset.com/


International Journal of Scientific Research in Science, Engineering and Technology | www.ijsrset.com | Vol 8 | Issue 1 

Dr. Rajiv Kumar Mishra Int J Sci Res Sci Eng Technol January-February-2021; 8 (1) : 336-343 

 

 339 

⇒ 𝑚[−𝑛2 − (𝜇 − 1)𝑛 + 𝑚 + 𝜇] = 0   —----------------------------------- (8) 

From (3), 

𝑐𝑛(𝑛2 − 2𝑚) + (𝜇 − 1)𝑐(𝑛2 − 𝑚) − 𝜇𝑐𝑛 = 0 

𝐿𝑒𝑡 𝑐 ≠ 0, 𝑡ℎ𝑒𝑛 

𝑛(𝑛2 − 2𝑚) + (𝜇 − 1)(𝑛2 − 𝑚) − 𝜇𝑛 = 0 

Which is same as (6) 

From (4) 

(𝑛4 − 𝑎𝑛3 − 3𝑚𝑛2 + 2𝑎𝑚𝑛 + 𝑚2) + (𝜇 − 1)(𝑛3 − 𝑎𝑛2 − 2𝑚𝑛 + 𝑎𝑚) 

−𝜇(𝑛2 − 𝑎𝑛 − 𝑚) = 0 

⇒ 𝑛4 − 3𝑚𝑛2 + 𝑚2 + (𝜇 − 1)𝑛3 − 2𝑚𝑛(𝜇 − 1) − 𝜇𝑛2 + 𝜇𝑚 

−𝑎[𝑛3 − 2𝑚𝑛 + (𝜇 − 1)𝑛2 − 𝑚(𝜇 − 1) − 𝜇𝑛] = 0 

Hence using (7), 

𝑛4 − 3𝑚𝑛2 + 𝑚2 + (𝜇 − 1)𝑛3 − 2𝑚𝑛(𝜇 − 1) − 𝜇𝑛2 + 𝜇𝑚 = 0  —-------- (9) 

From (8), taking m=0, 

𝑛4 + (𝜇 − 1)𝑛3 − 𝜇𝑛2 = 0 

⇒ 𝑛2[𝑛2 + (𝜇 − 1)𝑛 − 𝜇] = 0 

⇒ 𝑛2(𝑛 − 1)(𝑛 + 𝜇) = 0 

Hence 𝑛 = 0,1 𝑎𝑛𝑑 − 𝜇 

Since we have considered 𝑚 = 0, possibilities for (m,n) are (0,0), (0,1), (0,-𝜇) 

From (8), let 𝑚 = 𝑛2 + 𝑛(𝜇 − 1) − 𝜇 

Squaring 

𝑚2 = 𝑛4 + 𝑛2(𝜇 − 1)2 + 𝜇2 + 2𝑛3(𝜇 − 1) − 2𝑛2𝜇 − 2𝜇(𝜇 − 1)𝑛 

Substracting (9) 

𝑚2 = 3𝑚𝑛2 − 𝑚2 + (𝜇 − 1)𝑛3 + 2𝑚𝑛(𝜇 − 1) − 𝑛2𝜇 − 𝜇𝑚 + 𝑛2(𝜇 − 1)2 + 𝜇2 

−2𝜇(𝜇 − 1)𝑛 

= 3𝑚𝑛2 − 𝑚2 + (𝜇 − 1)𝑛[𝑛2 + 𝑛(𝜇 − 1) − 𝜇] − 𝜇(𝜇 − 1)𝑛 + 𝜇2 − 𝜇𝑚 

−𝑛2𝜇 + 2𝑚𝑛(𝜇 − 1) 

= 3𝑚𝑛2 − 𝑚2 + 𝑚𝑛(𝜇 − 1) − 𝜇(𝜇 − 1)𝑛 + 𝜇2 − 𝜇𝑚 − 𝑛2𝜇 + 2𝑚𝑛(𝜇 − 1) 

= 3𝑚𝑛2 − 𝑚2 + 3𝑚𝑛(𝜇 − 1) − 𝜇(𝜇 − 1)𝑛 + 𝜇2 − 𝜇𝑚 − 𝑛2𝜇 

= 3𝑚[𝑛2 + 𝑛(𝜇 − 1) − 𝜇] + 2𝑚𝜇 − 𝑚2 − 𝜇(𝜇 − 1)𝑛 + 𝜇2 − 𝑛2𝜇 

= 3𝑚2 + 2𝑚𝜇 − 𝑚2 − 𝜇[𝑛2 + 𝑛(𝜇 − 1) − 𝜇] 

= 2𝑚2 + 2𝑚𝜇 − 𝜇𝑚 

= 2𝑚2 + 𝑚𝜇 

Thus 𝑚2 = 2𝑚2 + 𝑚𝜇 ⇒ 𝑚2 + 𝑚𝜇 = 0 
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⇒ 𝑚(𝑚 + 𝜇) = 0 

⇒ 𝑚 = 0 𝑜𝑟 − 𝜇 

We have already considered 𝑚 = 0 

𝑚 = −𝜇 

⇒ 𝑛2 + 𝑛(𝜇 − 1) − 𝜇 = −𝜇 

⇒ 𝑛2 + 𝑛(𝜇 − 1) = 0 

⇒ 𝑛 [  𝑛 + (𝜇 − 1) ] = 0 

⇒ 𝑛 = 0 𝑜𝑟 1 − 𝜇 

Thus we have two possibilities (−𝜇, 0) 𝑎𝑛𝑑 (−𝜇, 1 − 𝜇). Hence we get five possibilities. 

(0,0), (0,1), (0, −𝜇), (−𝜇, 0) 𝑎𝑛𝑑 (−𝜇, 1 − 𝜇) 

 

Theorem 2 

Let m=0, n=0, then 

𝑬(𝒙, 𝒚) = (𝒂𝒙 + 𝒃𝒚, 𝒄𝒙 − 𝒂𝒚) 𝒘𝒉𝒆𝒓𝒆 𝒃𝒄 = −𝒂𝟐. 

Also 𝑬𝟐 = 𝟎 

Proof:- 

When m=0, n=0, 

𝐴 = 0, 𝐵 = 0, 𝐶 = 0, 𝐷 = 𝑛2 − 𝑎𝑛 − 𝑚 = 0 

𝐻𝑒𝑛𝑐𝑒 𝐸2(𝑥, 𝑦) = (𝐴𝑥 + 𝐵𝑦, 𝐶𝑥 + 𝐷𝑦) = (0,0) 

So 𝐸2 = 0, 𝑍𝑒𝑟𝑜 𝑂𝑝𝑒𝑟𝑎𝑡𝑜𝑟 

𝑛 = 0 ⇒ 𝑑 = −𝑎 

𝑏𝑐 = 𝑎𝑛 − 𝑚 − 𝑎2 = −𝑎2 

Hence 𝐸(𝑥, 𝑦) = (𝑎𝑥 + 𝑏𝑦, 𝑐𝑥 − 𝑎𝑦) 𝑤ℎ𝑒𝑟𝑒 𝑏𝑐 = −𝑎2 

Theorem 3 

Let m=0, n=1, then 

𝑬(𝒙, 𝒚) = (𝒂𝒙 + 𝒃𝒚, 𝒄𝒙 + (𝟏 − 𝒂)𝒚) 𝒘𝒊𝒕𝒉 𝒃𝒄 = 𝒂 − 𝒂𝟐 

And E is a projection 

Proof:- 

𝑛 = 1 ⇒ 𝑎 + 𝑑 = 1 ⇒ 𝑑 = 1 − 𝑎 

𝑏𝑐 = 𝑎𝑛 − 𝑚 − 𝑎2 = 𝑎 − 𝑎2 

Hence 𝐸(𝑥, 𝑦) = (𝑎𝑥 + 𝑏𝑦, 𝑐𝑥 + (1 − 𝑎)𝑦) 𝑤ℎ𝑒𝑟𝑒 𝑏𝑐 = 𝑎 − 𝑎2 

Also 𝐴 = 𝑎, 𝐵 = 𝑏, 𝐶 = 𝑐, 𝐷 = 𝑛2 − 𝑎𝑛 − 𝑚 = 1 − 𝑎 = 𝑑 

𝑆𝑜 𝐸2(𝑥, 𝑦) = (𝑎𝑥 + 𝑏𝑦, 𝑐𝑥 + 𝑑𝑦) = 𝐸(𝑥, 𝑦) 

Hence E is a projection. 
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Theorem 4 

Let m=0, n= -𝜇, then 

𝑬(𝒙, 𝒚) = (𝒂𝒙 + 𝒃𝒚, 𝒄𝒙 − (𝝁 + 𝒂)𝒚)   𝒘𝒉𝒆𝒓𝒆 𝒃𝒄 = −𝒂𝝁 − 𝒂𝟐 

Also 𝑬𝟐 = −𝝁𝑬 

 

Proof:- 

Here 𝑛 = 𝑎 + 𝑑 = −𝜇 ⇒ 𝑑 = −𝜇 − 𝑎 = −(𝜇 + 𝑎) 

𝑏𝑐 = 𝑎𝑛 − 𝑚 − 𝑎2 = −𝑎𝜇 − 𝑎2 

So, 𝐸(𝑥, 𝑦) = (𝑎𝑥 + 𝑏𝑦, 𝑐𝑥 − (𝜇 + 𝑎)𝑦)  𝑤ℎ𝑒𝑟𝑒 𝑏𝑐 = −𝑎𝜇 − 𝑎2 

Hence 𝐴 = 𝑎𝑛 − 𝑚 = −𝑎𝜇, 𝐵 = −𝑏𝜇, 𝐶 = −𝑐𝜇 

𝐷 = 𝑛2 − 𝑎𝑛 − 𝑚 = 𝜇2 + 𝑎𝜇 = 𝜇(𝑎 + 𝜇) = −𝑑𝜇 

Hence 

𝐸2(𝑥, 𝑦) = (−𝑎𝜇𝑥 − 𝑏𝜇𝑦, −𝑐𝜇𝑥 − 𝑑𝜇𝑦) 

= −𝜇(𝑎𝑥 + 𝑏𝑦, 𝑐𝑥 + 𝑑𝑦) = −𝜇𝐸(𝑥, 𝑦) 

Hence 𝐸2 = −𝜇𝐸 

 

Theorem 5 

Let 𝒎 = −𝝁, 𝒏 = 𝟎 𝒕𝒉𝒆𝒏 

𝑬(𝒙, 𝒚) = (𝒂𝒙 + 𝒃𝒚, 𝒄𝒙 − 𝒂𝒚)  where 𝒃𝒄 = 𝝁 − 𝒂𝟐 

Also 𝑬𝟐 = 𝑰 

 

Proof:- 

𝑛 = 0 ⇒ 𝑎 + 𝑑 = 0 ⇒ 𝑑 = −𝑎 

𝑏𝑐 = 𝑎𝑛 − 𝑚 − 𝑎2 = −(−𝜇) − 𝑎2 = 𝜇 − 𝑎2 

Hence 

𝐸(𝑥, 𝑦) = (𝑎𝑥 + 𝑏𝑦, 𝑐𝑥 − 𝑎𝑦) 𝑤ℎ𝑒𝑟𝑒 𝑏𝑐 = 𝜇 − 𝑎2 

Also 𝐴 = 𝑎𝑛 − 𝑚 = 𝜇, 𝐵 = 𝑏𝑛 = 0, 𝐶 = 0, 𝐷 = 𝑛2 − 𝑎𝑛 − 𝑚 = 𝜇 

Hence 𝐸2(𝑥, 𝑦) = (𝜇𝑥 + 0. 𝑦, 0. 𝑥 + 𝜇𝑦) = (𝜇𝑥, 𝜇𝑦) = 𝜇𝐼(𝑥, 𝑦) 

Therefore 

𝐸2 = 𝜇𝐼 

⇒ 𝐸3 = 𝜇𝐸 ⇒ 𝐸4 = 𝜇𝐸2 = 𝜇2𝐼 

Substitute the values in 

𝐸4 + (𝜇 − 1)𝐸3 = 𝜇𝐸2 

We get 
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𝜇2𝐼 + (𝜇 − 1)𝜇𝐸 = 𝜇. 𝜇𝐼 = 𝜇2𝐼 

⇒ (𝜇 − 1)𝜇𝐸 = 0 

Since in general 𝐸 ≠ 0, 

𝜇(𝜇 − 1) = 0 ⇒ 𝜇 = 0 𝑜𝑟 1 

When 𝜇 = 0, we have m=0, n=0 which we have discussed in theorem 2 

Hence 𝜇 = 1, 𝑖. 𝑒. 𝐸2 = 𝐼 

 

Theorem 6 

Let 𝒎 = −𝝁 𝒂𝒏𝒅 𝒏 = 𝟏 − 𝝁 

Then 𝑬(𝒙, 𝒚) = (𝒂𝒙 + 𝒃𝒚, 𝒄𝒙 + (𝟏 − 𝝁 − 𝒂)𝒚) 

where 𝒃𝒄 = 𝒂 − 𝒂𝝁 − 𝒂𝟐 + 𝝁 

Also in this case, 

𝑬𝟐 = (𝟏 − 𝝁)𝑬 + 𝝁𝑰 

 

Proof:-  

𝑛 = 𝑎 + 𝑑 = 1 − 𝜇 ⇒ 𝑑 = 1 − 𝜇 − 𝑎 

and 𝑏𝑐 = 𝑎𝑛 − 𝑚 − 𝑎2 = 𝑎(1 − 𝜇) + 𝜇 − 𝑎2 = 𝑎 − 𝑎𝜇 − 𝑎2 + 𝜇 

𝐴 = 𝑎𝑛 − 𝑚, 𝐵 = 𝑏𝑛, 𝐶 = 𝑐𝑛 

𝐷 = 𝑛2 − 𝑎𝑛 − 𝑚 = 𝑛(𝑛 − 𝑎) − 𝑚 = 𝑛𝑑 − 𝑚 

So, 

𝐸2(𝑥, 𝑦) = ((𝑎𝑛 − 𝑚)𝑥 + 𝑏𝑛𝑦, 𝑐𝑛𝑥 + (𝑛𝑑 − 𝑚)𝑦) 

= (𝑎𝑛𝑥 + 𝑏𝑛𝑦, 𝑐𝑛𝑥 + 𝑑𝑛𝑦) − 𝑚(𝑥, 𝑦) 

= 𝑛(𝑎𝑥 + 𝑏𝑦, 𝑐𝑥 + 𝑑𝑦) − 𝑚(𝑥, 𝑦) 

= 𝑛𝐸(𝑥, 𝑦) − 𝑚(𝑥, 𝑦) 

 

Putting 𝑛 = 1 − 𝜇 𝑎𝑛𝑑 𝑚 = −𝜇 

𝐸2(𝑥, 𝑦) = (1 − 𝜇)𝐸(𝑥, 𝑦) + 𝜇𝐼(𝑥, 𝑦) 

Hence 𝐸2 = (1 − 𝜇)𝐸 + 𝜇𝐼 

 

Theorem 7 

Let 𝒃 = 𝟎, 𝒄 = 𝟎, 𝒕𝒉𝒆𝒏 𝑬(𝒙, 𝒚) 𝒉𝒂𝒔 𝒏𝒊𝒏𝒆 𝒑𝒐𝒔𝒔𝒊𝒃𝒊𝒍𝒊𝒕𝒊𝒆𝒔, 

(𝟎, 𝟎), (𝟎, 𝒚), (𝟎, −𝝁𝒚), (𝒙, 𝟎), (𝒙, 𝒚), (𝒙, −𝝁𝒚), (−𝝁𝒙, 𝟎), (−𝝁𝒙, 𝒚) 𝒂𝒏𝒅 (−𝝁𝒙, −𝝁𝒚) 
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Proof:- 

Let 𝑏 = 𝑐 = 0, then 

𝐸(𝑥, 𝑦) = (𝑎𝑥, 𝑑𝑦) 

So, 𝐸2(𝑥, 𝑦) = (𝑎2𝑥, 𝑑2𝑦), 𝐸3(𝑥, 𝑦) = (𝑎3𝑥, 𝑑3𝑦) 𝑎𝑛𝑑 𝐸4(𝑥, 𝑦) = (𝑎4𝑥, 𝑑4𝑦) 

Hence 𝐸4(𝑥, 𝑦) + (𝜇 − 1)𝐸3(𝑥, 𝑦) = 𝜇𝐸2(𝑥, 𝑦) 

⇒ (𝑎4𝑥, 𝑑4𝑦) + (𝜇 − 1)(𝑎3𝑥, 𝑑3𝑦) = 𝜇(𝑎2𝑥, 𝑑2𝑦) 

⇒ (𝑎4𝑥 + (𝜇 − 1)𝑎3𝑥 − 𝜇𝑎2𝑥, 𝑑4𝑦 + (𝜇 − 1)𝑑3𝑦 − 𝜇𝑑2𝑦) = 0 

Considering first co-ordinate, taking co-efficient of x to be 0, 

𝑎4 + (𝜇 − 1)𝑎3 − 𝜇𝑎2 = 0 

⇒ 𝑎2[𝑎2 + (𝜇 − 1)𝑎 − 𝜇] = 0 

⇒ 𝑎2(𝑎 − 1)(𝑎 + 𝜇) = 0 

⇒ 𝑎 = 0,1, −𝜇 

Since expression for d is similar 

𝑑 = 0,1, −𝜇 

Considering all values of a and d, we have nine possibilities which are given by 

𝐸(𝑥, 𝑦) = (0,0), (0, 𝑦), (0, −𝜇𝑦), (𝑥, 0), (𝑥, 𝑦), (𝑥, −𝜇𝑦), (−𝜇𝑥, 0), 

(−𝜇𝑥, 𝑦) 𝑎𝑛𝑑 (−𝜇𝑥, −𝜇𝑦) 
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